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We study global aspects of N = 2 Kazama-Suzuki coset models by investigat-
ing topological G/H Kazama-Suzuki models in a Lagrangian framework based on
gauged Wess-Zumino-Witten models. To that end, we first generalize Witten’s
analysis of the holomorphic factorization of bosonic G/H models to models with
N = 1 and N = 2 supersymmetry, in the course of which we also find some new
anomaly-free and supersymmetric models based on non-diagonal embeddings of
the gauge group. We then explain the basic properties (action, symmetries, met-
ric independence, ...) of the topologically twisted G/H Kazama-Suzuki models.
As non-trivial gauge bundles unavoidably occur, we explain how all of the above
generalizes to that case.
We employ the path integral methods of localization and abelianization (shown to
be valid also for non-trivial bundles) to establish that the twisted G/H models
can be localized to bosonic H/H models (with certain quantum corrections), and
can hence be reduced to an Abelian bosonic T/T model, T a maximal torus of
H . We also present the action and the symmetries of the coupling of these models
to topological gravity. We determine the bosonic observables for all the models
based on classical flag manifolds and the bosonic observables and their fermionic
descendants for models based on complex Grassmannians. These results will be
used in subsequent publications to calculate explicitly the chiral primary ring of
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1 Introduction
In this article we investigate some global aspects of Wess-Zumino-Witten
(WZW) coset models in general, and of N = 2 Kazama-Suzuki models [1]
in particular. WZW models [2, 3] are the basic building blocks of (rational)
conformal field theories and are, in principle, exactly solvable due to their
large symmetry algebras. As such they form one of the cornerstones of
our present understanding of string theory. On the other hand, world-sheet
theories with N = 2 superconformal symmetry not only display a very rich
algebraic structure [4] but are also phenomenologically attractive as they
lead to N = 1 space-time supersymmetry.
Of particular interest, therefore, is a class of world-sheet theories, known as
Kazama-Suzuki models, combining these two features. This large class of
N = 2 theories was discovered by Kazama and Suzuki [1] by determining
under which conditions the N = 1 super-GKO coset construction [5] for a
G/H coset conformal field theory actually gives rise to an extended N = 2
superconformal symmetry. For a complete classification, see [6].
Subsequent investigations of these models, using the powerful operator for-
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malism of (super-)conformal field theories [4, 7, 8, 9, 10, 11], have brought
to light the rich and beautiful structure underlying these models, arising
from the interplay between the geometry and topology of coset spaces on
the one hand and the N = 2 algebra on the other. Among the most striking
results is the emergence of global (topological) structures (like the relation
of the chiral primary ring [4] to cohomology rings) from these essentially
local considerations.
In such a situation it is desirable to understand these results in a different
way, perhaps from an inherently more global point of view which might be
capable of shedding some light on the raisons d’eˆtre of these features of a field
theory. Now, certain global aspects of (two-dimensional) field theories are
frequently easier to extract from an action-based path integral formulation
of the theory. The loss of flexibility in working with a fixed action is then
compensated by the ability to employ other powerful methods of (gauge)
field theories like the path integral formalism which are quite complementary
to the standard conformal field theory techniques.
Coset models were first considered by Halpern et al [12]. The Lagrangian
approach to coset WZW models was pioneered by Gawedzki and Kupiainen
[13] and Karabali and Schnitzer [14] in the bosonic case and by Schnitzer
[15] for the N = 1 models. Based on this, a Lagrangian realization of Kaza-
ma-Suzuki models was then provided in [16, 17]. There it was shown that,
under the conditions for N = 2 superconformal symmetry determined in
[1], also the Lagrangian realization of the N = 1 coset models as super-
symmetric gauged WZW models [15] actually possesses the expected N = 2
superconformal symmetry.
Some aspects of this Lagrangian realization were investigated further by
Nakatsu and Sugawara [18] and Henningson [19, 20]. In particular, in [18] the
relation between the gauge-theoretic and the more standard conformal field
theory realization of these models was clarified by showing how systematic
use of the ‘complex gauge’ trick [13, 14] leads to a free-field representation
of Kazama-Suzuki models.
Our starting point for this and the subsequent paper [21] is the work of
Witten [16] who analyzed in detail the topologically twisted G/H = CP (1)
models (a.k.a. N = 2 minimal models) and their coupling to topological
gravity. In fact, our main aim in this paper, which deals with the more
formal and general aspects of Kazama-Suzuki models, will be to (partially)
generalize the analysis of Witten to arbitrary G/H Kazama-Suzuki models.
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The results will then be used in [21] and subsequent publications to perform
explicit calculations in these models.
In particular, we will establish here that a topological G/H Kazama-Suzuki
model can be reduced (localized) to a bosonic Abelian topological field the-
ory, and we present the coupling of an arbitrary G/H model to topological
gravity. The former simplifies significantly the task of performing calcula-
tions in these models. The latter provides us with a Lagrangian realization
for a large class of topological matter-gravity systems and hence topological
string theories and a corresponding generalization of the intersection theory
studied in [16].
While the main subject of this paper are the twisted N = 2 models, it is
natural to proceed to them via the original bosonic cosets and then their
supersymmetric extensions. In order to gain a good understanding of the
topological Kazama-Suzuki models, which are not quite topological field
theories of the (well understood) cohomological kind, we find it useful to
start with the approach to (bosonic) coset models suggested by Witten in
[3], based on wave functions constructed from anomalously gauged WZW
models. We first generalize this analysis to models with N = 1 and N = 2
supersymmetry. While this generalization is quite straightforward, at least
formally1 and in principle, it sheds some light on some of the issues we will
discuss in the more specific context of topological Kazama-Suzuki models
later on (the supersymmetries, the metric (in-)dependence, the coupling to
topological gravity). As a by-product it also provides us with plenty of new
anomaly-free supersymmetric (and topological) models arising from non-
diagonal embeddings of the gauge group. We will, however, postpone a more
detailed discussion of these new models and just sketch their construction
here.
The other ingredient in our analysis of the topological Kazama-Suzuki mod-
els are various localization techniques for functional integrals (see [22] for a
review). A combination of the localization techniques used e.g. in [16] and
[23] with the method of diagonalization introduced in [24] (and analysed
further in [25, 26] - see also [27] for very nice recent applications of this
technique) will allow us to simplify the original theory to the extent that
explicit calculation of correlation functions becomes feasible. In fact, we will
be able to reduce the original non-Abelian, non-linear and supersymmetric
1Our discussion in that section will be at a level where we do not regularize explicitly
quadratic operators - the required quantum corrections are, however, known to lead to
the familiar shifts in the level k.
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topological G/H Kazama-Suzuki models to a bosonic Abelian TH/TH model
(TH a maximal torus of H) - with certain quantum corrections which in this
section we will take care to keep track of.
As the partition function of the topological Kazama-Suzuki models generi-
cally vanishes because of ghost number anomalies, to make the above result
meaningful and useful we also determine the (classical) observables in a
number of models (complex Grassmannians, flag manifolds G/TG of classi-
cal groups G). In all these models we find that the competing demands of
gauge invariance and supersymmetry can be met and yield r (the rank of
G) independent generators of the classical algebra of observables.
In [21], we will then use these result to get a fairly explicit expression for
correlators in topological Kazama-Suzuki models based on complex Grass-
mannians, and to establish the relation (mentioned above) between the ring
of topological observables and the classical cohomology ring of the corre-
sponding Grassmannian. What is interesting from the present point of view
of gauged WZW models is that, while one is gauging the adjoint action of
H on G, the cohomology one finds is not that of the (rather singular) space
G/AdH but rather that of the right (or left) coset G/H. We still have
no completely satisfactory explanation for how this comes about, save in a
particular topological sector in which essentially only the fermionic part of
the theory plays a role which is more obviously related to the ordinary coset
G/H (or, rather, its tangent bundle) [21].
We should warn the reader that through most of the paper we will make
use of the usual gauged Wess-Zumino action. That is, we will treat all the
fields as appropriately valued maps. This does not really suffice when one is
working with non-trivial bundles, as we are forced to, for then the fields are
really sections. However, we proceed as if the fields are maps and return,
at the end, to the subtleties involved in defining the gauged Wess-Zumino-
Witten term for non-trivial bundles. We will see that our conclusions based,
as they were, on the naive considerations at the start of the paper are indeed
correct.
More systematically, this paper is organized as follows. In section 2 we re-
view the reults of [3] on the holomorphic factorization of the partition func-
tion of bosonic coset models and generalize them in two ways, extending the
analysis to correlation functions and N = 1 supersymmetric coset models.
We also sketch a construction of some new anomaly free supersymmetric
models arising in this way.
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In section 3, we deal with the models of primary interest in this paper,
namely N = 2 coset models and their topological partners. We recall the
Lagrangian realization of the N = 2 and topological Kazama-Suzuki models
and their basic algebraic and symmetry properties. We also establish the
metric independence and holomorphic factorization of the twisted models
from the wave function point of view.
In section 4, we discuss the localization of the topological G/H Kazama-Su-
zuki model to a bosonic H/H model (generalizing the corresponding result
for SU(2)/U(1) in [16], albeit using a slightly different method), and the
subsequent abelianization to a TH/TH model (following [24]).
In section 5, we first of all give a direct proof that the model we are dealing
with is a topological field theory by showing that the energy-momentum
tensor of the twisted Kazama-Suzuki model is BRST exact modulo the
equations of motion of the gauge field. We then present the coupling of
the topological Kazama-Suzuki model to topological gravity. This coupling
turns out to be the more or less obvious generalization of Witten’s result
for SU(2)/U(1) [16] in the case that G/H is hermitian symmetric. In gen-
eral, however, one finds that certain additional terms are also present in the
Lagrangian.
In section 6 we analyze the bosonic observables in the classes of models
mentioned above, as well as their fermionic descendants (pointing out the
complications that arise when applying the usual descent procedure, familiar
from cohomological field theories, in the somewhat different present setting).
Finally, in sections 7 and 8 we return to the issue of what the definition of
the theory should be when the bundles in question are non-trivial. The defi-
nition that we take is adapted from that of [28] and [29]. The main technical
result that we obtain is an appropriate generalization of the Gawedzki-Hori
definition to anomously gauged WZW models, i.e. wavefunctions. On the
basis of that result it is then practically guaranteed that the analysis per-
formed in sections 2 through 6 remain valid in the general setting and we
verify this explicitly. Nevertheless, as pointed out by Hori [29], taking ac-
count of the non-trivial topological sectors is important if one is to resolve
the ‘fixed point’ problem [30] that arises in the context of conformal field
theory.
As should be clear from the above description of what we do and what we
do not do in this paper and in [21], this is but a first step towards a full
understanding of the global properties of Kazama-Suzuki models.
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For example, one would like to have a better a priori understanding from
the present point of view of what it is that one is calculating in these mod-
els (namely, cohomology rings of homogeneous spaces and generalizations
thereof [4, 10, 21]).
Clearly, also the topological matter systems coupled to topological gravity
we construct in section 5 are worthy of further study, in particular, their
interpretation in terms of intersection theory on (a suitable cover of) the
moduli space of curves (as in [16]). Also the description of these models in
terms of integrable hierarchies associated with G/H (presumably related to
the hierarchies studied in [31]) needs to be elucidated.
2 Factorization of Bosonic and N = 1 Coset Models
We begin with a brief review of the salient features of gauged Wess-Zumino-
Witten (WZW) models. Sections 2.1, 2.2 and 2.4 are essentially a review
of the pertinent results of [3] while the other parts of this section contain
generalizations thereof (primarily to supersymmetric models).
The action of the WZW model at level k for a compact semi-simple group
G is kS(g) where
S(g) = − 1
8π
∫
Σ
g−1dg ∗ g−1dg − iΓ(g), (2.1)
and
Γ(g) =
1
12π
∫
M
(g−1dg)3 (2.2)
with ∂M = Σ and g a map form the two-dimensional closed surface Σ to
the group G (g also denotes its extension to M). Here and in the following
a trace Tr (Killing-Cartan form of G) will always be understood in integrals
of Lie algebra valued forms. We also assume that Tr has been normalized
in such a way that the quantum theory is well-defined (independent of the
extension of g to M) for integer k.
The action S(g) has a global GL × GR invariance, g → h−1gl. It is well
known, however, that one can not gauge any subgroup of GL ×GR, due to
anomalies. The condition on the subgroup F such that it be anomaly free
is as follows. Let TrL and TrR be the traces on LieGL and LieGR. Then, if
for all t, t′ ∈ LieF
TrL tt
′ − TrR tt′ = 0 , (2.3)
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the subgroup F is anomaly free. The standard example is when F = H×H
(acting diagonally as g → h−1gh) and the resulting theory is known as the
G/H model.
2.1 Gauged WZW Models
Witten [3] has shown that the WZW action gauged by anomalous subgroups
is worthy of further study. One may use these non-gauge invariant models
to establish the holomorphic factorization of the path integral of anomaly
free gauged WZW models.
Let F = HL ×HR ⊆ GL ×GR be a, possibly anomalous, subgroup. Denote
the Lie algebra of HL×HR by hL⊕hR. The field g that enters in the gauged
model is correctly thought of as a section of a HL×HR bundle X → Σ. Let
(A,B) be a (HL ×HR) connection on X.
The action we wish to consider is
S(A,B; g) = − 1
8π
∫
Σ
g−1dAg ∗ g−1dAg − iΓ(g)
+
i
4π
∫
Σ
(
Adgg−1 +Bg−1dg
)
+
i
4π
∫
Σ
Bg−1Ag (2.4)
where the covariant derivative is defined by
dAg = dg +Ag − gB . (2.5)
The action can be usefully expressed as
S(A,B; g) = S(g) +
1
4π
∫
Σ
B(i+ ∗)g−1dg + 1
4π
∫
Σ
A(i− ∗)dgg−1
− 1
8π
∫
Σ
(B ∗B +A ∗ A) + 1
4π
∫
Σ
B(i+ ∗)g−1Ag. (2.6)
In terms of local co-ordinates, this also fixes our conventions, this reads,
S(A,B; g) = S(g) +
1
2π
∫
Σ
d2zTrBz¯g
−1∂zg − 1
2π
∫
Σ
d2z TrAz∂z¯g.g
−1
+
1
2π
∫
Σ
TrAzgBz¯g
−1 − 1
4π
∫
Σ
d2zTr (AzAz¯ +BzBz¯)(2.7)
As we noted before, the action (2.6) is not gauge invariant in general, but
it is the next best thing. Under the transformations,
A→ Ah = h−1Ah+ h−1dh, B → Bl = l−1Bl + l−1dl, g → h−1gl (2.8)
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we find that
S(A,B; g)→ S(A,B; g)+ i
4π
∫
Σ
(
Bdl.l−1 −Adh.h−1
)
−iΓ(l)+iΓ(h). (2.9)
The attractive feature here is that the variation of the action depends neither
on the metric nor on the group element g.
There are various ways to construct a gauge invariant action, that is to
satisfy (2.3). A simple choice is the standard diagonal embedding, HL ×
HR = H ×H for H ⊆ G, with (A,B) = (A,A). Somewhat more exotic is
the case where, if H = H ′ ×U(1), we can have a left connection A′ + a and
a right connection B′ + b such that
A′ = B′ , a = −b , (2.10)
which corresponds to the so called axial gauging of the coset model.
2.2 Holomorphic Factorization of Bosonic Coset Models
While the action (2.6) is not invariant under gauge transformations, we
may, nevertheless, use it to create a wavefunction which transforms in a well
prescribed way. Let us consider the wavefunction
Ψ(A,B) =
∫
Dg e−kS(A,B;g) . (2.11)
Under a gauge transformation, Ψ transforms as
Ψ(Ah, Bl) = e ikΦ(A;h) − ikΦ(B; l)Ψ(A,B)
= e− ik4pi
∫
Σ
(
Bdl.l−1 −Adh.h−1)+ iΓ(l)− iΓ(h)Ψ(A,B).(2.12)
The phase factors Φ(A;h) and Φ(B, l) are cocycles. E.g. with h′ ∈ HL,
Φ(A,h) satisfies
Φ(A;hh′) = Φ(Ah;h′) + Φ(A;h) , (2.13)
and likewise for B.
The Ψ(A,B) are therefore correctly thought of as sections of a bundle, which
we now determine.
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Under an infinitesimal set of transformations
δA = dAu, δB = dBv, δg = −ug + gv, (2.14)
with u ∈ hL and v ∈ hR the variation of the action is
δS(A,B; g) =
i
4π
∫
Σ
Tr (udA− vdB) , (2.15)
so that Ψ satisfies(
DAµ
δ
δAµ
+
ik
4π
ǫµν∂µAν
)
Ψ(A,B) = 0
(
DBµ
δ
δBµ
− ik
4π
ǫµν∂µBν
)
Ψ(A,B) = 0 , (2.16)
where the covariant derivatives are
DAµ = ∂µ + [Aµ, .] D
B
µ = ∂µ + [Bµ, .] . (2.17)
We also have the equations(
δ
δAz¯
− k
4π
Az
)
Ψ(A,B) = 0(
δ
δBz
− k
4π
Bz¯
)
Ψ(A,B) = 0. (2.18)
Introducing the operators
D
DAz
=
δ
δAz
+
k
4π
Az¯
D
DAz¯
=
δ
δAz¯
− k
4π
Az
D
DBz
=
δ
δBz
− k
4π
Bz¯
D
DBz¯
=
δ
δBz¯
+
k
4π
Bz , (2.19)
we may rewrite (2.18) in this new notation as
D
DAz¯
Ψ(A,B) = 0
D
DBz
Ψ(A,B) = 0, (2.20)
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and (2.16) becomes(
DAµ
D
DAµ
+
ik
4π
ǫµνF (A)µν
)
Ψ(A,B) = 0
(
DBµ
D
DBµ
− ik
4π
ǫµνF (B)µν
)
Ψ(A,B) = 0. (2.21)
Geometrically the situation can be described as follows [3]. Let A×B be the
space of (A,B) connections on Σ, equipped with the symplectic two-form
ω ((a1, b1), (a2, b2)) =
1
2π
∫
Σ
Tr a1 ∧ a2 − 1
2π
∫
Σ
Tr b1 ∧ b2. (2.22)
On A × B there is a prequantum line bundle L = L⊗k1 ⊗ L⊗(−k)2 , with L1
a line bundle on A and L2 a line bundle over B. (2.20) and (2.21) taken
together tell us that Ψ(A,B) is an (equivariant) holomorphic section of the
line bundle L over A×B.
The reason for the interest in these wave functions is that for B ∈ g the
partition function of the G/H coset model is simply its norm,
ZG/H(Σ) = |Ψ|2. (2.23)
In order to establish this we need to introduce the conjugate of the wave-
function
Ψ(A,B) =
∫
Dhe−kS(B,A;h). (2.24)
with h ∈ G. We can compute the norm, by performing the Gaussian integral
over B, with B ∈ g and h, l ∈ G,
|Ψ|2 =
∫
DADBDlDh e−kS(A,B; l)− kS(B,A;h)
=
∫
DADlDh e−kS(A; lh)
=
∫
DADg e−kS(A; g) , (2.25)
which is the desired result. In passing from the first to the second line
we have integrated over B and made use of the Polyakov-Wiegman identity
and we have, as well, normalized the volume
∫
Dh = 1 throughout. Another
way of arriving at this result, which bypasses the need to use the Polyakov-
Wiegman identity, is to notice that as the gauge group associated with B is
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now all of G one can gauge fix l = 1. The dependence on B is now essentially
pure Gaussian with covariance 1.
Actually, one can overlap the wavefunctions even when B takes values in
some subalgebra of g and arrive at a gauge invariant theory. One may wonder
what this theory is. It turns out to be an anomaly free gauged WZW model
with action
S(A,B; g) + S(B,A;h). (2.26)
This model will make sense, with (g, h) ∈ G × G′ and (A,B) ∈ (h, h′)
providing H and H ′ are subgroups of both G and G′. The coset model is
then a (G×G′)/(HL×HR) theory where HL = (H,H ′) and HR = (H ′,H).
When H ′ = G′ = G this reduces, as we have seen, to a G/H theory.
In this way we have reproduced a standard coset model and this is in itself
not a particularly interesting observation. It gains interest, however, when
one couples to fermions. We will briefly come back to this below.
2.3 Introduction of Observables
There is a class of observables in G/H coset models that are of prime im-
portance. Let Ri be an irreducible representation of G. The observables in
question are ⊗
i
TrRi(g(xi)). (2.27)
Let us denote the correlation function of these by
ZG/H({Ri}; {xi}). (2.28)
In order to establish holomorphic factorization for these correlation functions
we will need to consider a more general class of wavefunctions. Let DRi(g)
be the matrix of the irreducible representation Ri of G acting on the finite
dimensional representation space Vi. Define the wavefunction
Ψ(A,B, {Ri}, {xi}) =
∫
Dge−kS(A,B; g)
⊗
i
DRi(g(xi)). (2.29)
Notice that these insertions are not gauge invariant. But as the action is
also not invariant this situation is not completely problematic. If one con-
siders pointed gauge transformations (i.e. those that do not act at the points
12
{xi}) then the wavefunction transforms just as in the case without operator
insertions considered previously. We also define a dual wavefunction by
Ψ(A,B, {Ri}, {xi}) =
∫
Dhe−kS(B,A;h)
⊗
i
DRi(h(xi)) (2.30)
with the observables positioned at the same points and in the same repre-
sentations as in (2.29).
Let TrRi(hl)(xi) denote TrDRi(l(xi))DRi(h(xi)). The derivation given in
(2.25) can be followed through line by line to establish (again B ∈ g)
ZG/H({Ri}, {xi}) =
∫
DBDA
⊗
i
TrRi |Ψ(A,B, {Ri}, {xi})|2. (2.31)
The new wavefunctions do not obey (2.21). Let T a,bL,R be the generators of
hL,R. One finds instead of (2.21)(
DAµ
D
DAµ
+
ik
4π
ǫµνF (A)µν
)
Ψ(A,B; {Ri}, {xi})
= −
∑
i
δ(x− xi)T aLDRi(T aL)Ψ(A,B; {Ri}, {xi})(
DBµ
D
DBµ
− ik
4π
ǫµνF (B)µν
)
Ψ(A,B; {Ri}, {xi})
=
∑
i
δ(x− xi)Ψ(A,B; {Ri}, {xi})T bRDRi(T bR), (2.32)
with the matrix multiplication understood to be on the appropriate factors.
2.4 Variation of the Complex Structure
So far, we have considered the actions for a fixed complex structure on Σ
(entering via the Hodge star ∗ in the action). We will now look at what
happens when one varies the complex structure (or conformal equivalence
class of a metric ρ on Σ). Thus let S be the space of all conformal classes
of metrics on Σ. The space of holomorphic and gauge invariant sections of
L⊗k depends on the given metric ρ; we denote that vector space by Wρ. As
ρ varies over S, Wρ varies as the fibre of a vector bundle W over the space
S of complex structures on Σ. Thus the wavefunctions we have constructed
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can be thought of as sections of W. Set
δ(1,0) =
∫
Σ
δρz¯z¯
δ
δρz¯z¯
, δ(0,1) =
∫
Σ
δρzz
δ
δρzz
. (2.33)
We notice that2, when B ∈ g,
∇(1,0)Ψ(A,B; ρ) ≡
[
δ(1,0) +
π
2k
∫
Σ
δρz¯z¯ Tr
D
DBz¯
D
DBz¯
]
Ψ(A,B; ρ) = 0.
(2.34)
This defines an anti-holomorphic structure on W. Similarly a holomorphic
structure is defined by saying that a section is holomorphic if it is annihilated
by
∇(0,1) ≡ δ(0,1) − π
2k
∫
Σ
δρzz Tr
D
DAz
D
DAz
(2.35)
A straightforward exercise shows that if A ∈ g then
∇(0,1)Ψ(A,B; ρ) = 0. (2.36)
The wavefunctions of the G/G models are therefore special in being holo-
morphic and anti-holomorphic. This implies that the norm-squared of the
wave function, i.e. the partition function for the G/G theory, is constant as
a function on S and hence metric independent, defining a topological field
theory. It could have been that the partition function is metric independent
without the stronger statement that it is the norm of a wavefunction that
is both holomorphic and anti-holomorphic.
The operators ∇(1,0) and ∇(0,1) will figure prominently in the proof of metric
independence of the topological models. Indeed, as we will see, for the
topological N = 2 coset models with h ⊂ g the wavefunctions indeed satisfy
both (2.34) and (2.36) just as they do for the G/G model. One can therefore
take this trait as a definition of the topological coset models.
Altogether (2.23) and (2.34) are the statement of holomorphic factorization
of theG/H coset model. As B ∈ g, Ψ can be taken to be an anti-holomorphic
section of W, and consequently, if ei(B, ρ) form a holomorphic and orthog-
onal basis of W we can expand Ψ(A,B; ρ) as
Ψ(A,B; ρ) =
∑
i
ei(B; ρ)Ψi(A, ρ) (2.37)
2In subsequent formulae one should regularize the currents that appear. One way to
do this is to use a gauge invariant point splitting procedure [32]. The net effect is that
one ought to replace k with k = k + cH .
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where Ψi(A, ρ) is anti-holomorphic as a ‘function’ on S. The G/H partition
function can, therefore, be expressed as
ZG/H(Σ; ρ) =
∫
DA
∑
i
|Ψi(A; ρ)|2. (2.38)
This establishes the holomorphic factorization not only for the standard
diagonal embedding but for all the other anomaly free gauged models as
well, including the axially gauged theories.
In the case of the G/G model, the wavefunction Ψ(A,B; ρ) must also be an
anti-holomorphic section of W so that we may write it as∑
ij
ei(B, ρ)ej(A, ρ)d
ij (2.39)
where the dij are numbers. The partition function is then |d|2; an eminently
respectable topological invariant. Actually one can do better and establish
that dij = δij , so that ZG/G is just the dimension of the space of holomorphic
sections ofW, or the number of conformal blocks of the GWZW model [16].
This dimension can be calculated by explicit evaluation of the partition
function [24].
The wavefunctions which include observables (2.29) are anti-holomorphic
as their insertions introduce no extra metric dependence. Formally, also
other gauge invariant observables will lead to conformal field theories. For
example, the expectation value of a Wilson loop TrRi P exp
∮
A will not spoil
(2.34). On the other hand, the introduction of TrRi P exp
∮
B will yield a
wavefunction that does not satisfy (2.34). For the G/G model this implies
that Wilson loops of A, in spite of the fact that they look like eminently
respectable topological observables, do not lead to topological correlation
functions. This can also be seen rather directly from the proof of metric
independence of the partition function in [3] (or, for the topological Kaza-
ma-Suzuki models, in section 5.1 below), in which the A-equations of motion
enter in a crucial way (e.g. in section 5.1 to establish the BRST-exactness
of the energy momentum tensor).
Nevertheless, there are topological observables in the G/G model depending
on A (and g), namely the images of ‘horizontal’ Wilson loops under the
equivalence [24] of Chern-Simons theory on Σ× S1 with the G/G model on
Σ [33].
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2.5 N = 1 Coset Models
The general (anomalously) gauged WZW model S(A,B; g) studied above
has an N = 1 supersymmetric extension. To describe the action and the
field content, let us orthogonally decompose
(gL,R)
C = (hL,R)
C ⊕ (kL,R)C . (2.40)
The supersymmetric extension has Weyl fermions ψ− with values in (kL)
C
and ψ+ with values in (kR)
C. The action is
S(A,B;ψ+, ψ−; g) = S(A,B; g) +
i
4π
∫
Σ
ψ−Dz(A)ψ− +
i
4π
∫
Σ
ψ+Dz¯(B)ψ+.
(2.41)
The covariant derivatives are defined by
Dz(A)ψ− = ∂zψ− + [Az, ψ−]
Dz¯(B)ψ+ = ∂z¯ψ+ + [Bz¯, ψ+]. (2.42)
The action enjoys the supersymmetry,
δg = iǫ+ψ−g + iǫ−gψ+
δψ− = ǫ+ΠL(Dz¯(B)g.g
−1 + iψ−ψ−)
δψ+ = ǫ−ΠR(g
−1Dz(A)g − iψ+ψ+), (2.43)
and ΠL,R projects onto the kL,R part of the Lie algebra. These transforma-
tions are completely compatible with the gauge symmetry of the theory. In
particular, this means that one can consider the usual gauging to arrive at
the standard N = 1 action with (A,B) = (A,A). One may also consider
the axially gauged supersymmetric model (A′+a,B′+ b) = (A′+a,A′−a).
However, care must be exercised as the chiral coupling to the fermions may
produce an anomaly. One way around this is to use, in the U(1) sector, a
chirally preserving regularization from the outset.
When one takes A = B, (2.41) gives one a Lagrangian realization of the
N = 1 super-GKO construction [5, 15]. It is useful to adopt a slightly
different notation than that used in the above equations. In this situation A
is a h ≡ LieH valued gauge field for the (anomaly free) adjoint subgroup H
of GL×GR. ψ± are then Weyl fermions taking values in the complexification
kC of k, the orthogonal complement to h in g ≡ LieG,
g = h⊕ k , ψ± ∈ kC . (2.44)
16
We will denote by Πh and Πk the orthogonal projectors onto h and k re-
spectively. The N = 1 (actually (1, 1)) supersymmetry in this formulation
is,
δg = iǫ−gψ+ + iǫ+ψ−g
δψ+ = ǫ−Πk(g
−1Dzg − iψ+ψ+)
δψ− = ǫ+Πk(Dz¯gg
−1 + iψ−ψ−)
δA = 0 . (2.45)
2.6 Supersymmetric Wave Functions and Factorization
In order to establish the factorization of the general N = 1 supersymmetric
WZW model, we follow the same procedure as in the bosonic coset model.
Let us begin with the wavefunction
ΨN=1(A,B) =
∫
DgDψ− exp−k
(
S(A,B; g) +
i
4π
∫
Σ
ψ−Dz(A)ψ−
)
.
(2.46)
The path integral enjoys the supersymmetry
δg = iǫ+ψ−g
δψ− = ΠLǫ+(Dz¯(B)g.g
−1 + iψ−ψ−) (2.47)
Unless certain conditions are met the wavefunction vanishes due to the pres-
ence of fermionic zero modes. When there are fermionic zero we should
absorb them by introducing operators of the form of, say
n∏
i=1
ψ−(xi) (2.48)
where n is the number of ψ− zero modes.
Gauge invariance is another story. Not only is the bosonic action not gauge
invariant, but under a gauge transformation the Weyl determinant (i.e. the
determinant of the Weyl fermions) picks up an anomaly. Consequently, one
has (
DAµ
D
DAµ
+
i(k + cG)
4π
ǫµνFµν(A)
)
ΨN=1(A,B) = 0 (2.49)
and hence a corresponding modification of the geometrical interpretation of
the wave function. This equation picks up commutators on the righthand
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side (with delta function support) when operator insertions are included to
soak up zero modes.
We define a conjugate wavefunction by (h ∈ G)
ΨN=1(A,B) =
∫
DhDψ+ exp−k
(
S(B,A;h) +
i
4π
∫
Σ
ψ+Dz¯(A)ψ+
)
,
(2.50)
which is invariant under
δh = iǫ−hψ+
δψ+ = ΠRǫ−(h
−1Dz¯(B)h− iψ+ψ+) (2.51)
Holomorphic factorization is the the statement that, with B ∈ g,
ZN=1 = |ΨN=1|2 (2.52)
When B ∈ g the fermionic coupling to B in (2.41) vanishes as there are no
ψ+’s. Now,
|ΨN=1|2 =
∫
DADB ΨN=1(A,B)ΨN=1(A,B)
=
∫
DADψ
(∫
DBDlDh e−kS(A,B; l) − kS(B,A;h)
)
e−kS(A,ψ)
=
∫
DADψDg e−kS(A, g) − kS(A,ψ) (2.53)
where we have used the factorization of the bosonic coset model in passing
from the second to the third line and defined
S(A,ψ) =
i
4π
∫
Σ
ψ−Dz(A)ψ− +
i
4π
∫
Σ
ψ+Dz¯(A)ψ+. (2.54)
This is the result that we are after. In order to see that the supersymmetry
variations (2.43) come out right, we note that the variable g arises as g = lh
and thus has the transformation rules as in (2.43). The Gaussian integration
over B is saturated by the equation of motion
B = −1
2
[(i ∗ −1)Al − (i ∗+1)Ah−1 ] (2.55)
which means that the part of the ψ− variation (2.47) involving the covariant
derivative is
δψ− = ΠLǫ+(Dz¯(B)l.l
−1
= ΠLǫ+(Dz¯(A
h−1)l.l−1
= ΠLǫ+(Dz¯(A)g.g
−1 (2.56)
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which agrees with that in (2.43). Likewise, from (2.51)
δψ+ = ΠRǫ−h
−1Dz(B)h
= ΠRǫ−h
−1Dz(A
l)h
= ΠRǫ−g
−1Dz(A)g, (2.57)
again in agreement with (2.43). One can now understand the, rather per-
plexing, supersymmetry of the coset models as a symmetry on the left for l
and on the right for h.
2.7 More Supersymmetric Models
Notice that one gets a perfectly respectable field theory in (2.53) even if
B takes values in a subalgebra of g and is not coupled to fermions. The
resulting theory will be both supersymmetric and gauge invariant. The
bosonic part of the theory is, as we noted before, a (G × G′)/(HL × HR)
model. Supersymmetry requires that Te(G
′/H) = Te(G/H) for the left and
right movers to match. This essentially sets G = G′ (up to discrete group
actions). The supersymmetric model is therefore a (G × G)/[(H,H ′) ×
(H ′,H)] theory with the left and right moving fermions taking values in
g/h.
One may consider B ∈ h′ also to couple to fermions in a wavefunction with
action (2.41). The gauge invariant and supersymmetric theory that one
obtains on taking the norm is identical to the one described in the previous
paragraph except that there are, in addition, left and right moving fermions
with values in g/h′.
3 N = 2 Cosets and Topological Kazama-Suzuki Models
Now we have come to the main part of this paper, in which we will deal
with N = 2 coset models and their topological partners. For the most part,
we will be interested in the standard G/H supersymmetric models where G
is a compact semi-simple Lie group (which we will also throughout assume
to be simply laced), and H is a closed subgroup of G.
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3.1 Lagrangian Realization of Kazama-Suzuki and More General
N = 2 Models
In [1], Kazama and Suzuki investigated (at the current algebra level), under
which conditions on G and H the N = 1 superconformal algebra of the
coset model could be extended to an N = 2 superconformal algebra. For our
purposes, the most convenient characterization of the results is the following
(see e.g. [1, 6, 34]). The coset model has an N = 2 superconformal algebra
iff there exists a direct sum decomposition
gC = hC ⊕ (k+ ⊕ k−) , (3.1)
such that
1) dim k+ = dim k−
2) [k±, k±] ⊂ k±
3) Tr |k+ = Tr |k− = 0 . (3.2)
In fact, it can be seen rather directly that these conditions imply [16, 17] that
the supersymmetry (2.45) of the action is enlarged to a (2, 2) supersymmetry.
Namely, denoting the k+-components of the fermions (ψ+, ψ−) as (α+, β+)
and the k−-components by (β−, α−) the action can be written as
kSKS(g,A, α, β) = kSG/H(g,A) +
ik
2π
∫
Σ
β−Dz¯α+ + β+Dzα− . (3.3)
There is thus an R-symmetry of the fermionic part of the action with respect
to which the fermions α± and β± have charges ±1 respectively, and the
supersymmetry transformations may be split into their k±-parts which are
separate invariances of the action. For instance, for the left-movers one has
[19]
δg = iǫ¯−gα+ + iǫ¯
+gβ−
δα+ = ǫ¯
+Π+(g
−1Dzg − iα+β− − iβ−α+)− iǫ¯−α+β−
δβ− = ǫ¯
−Π−(g
−1Dzg − iα+β− − iβ−α+)− iǫ¯−β−α+
δA = δα− = δβ+ = 0 . , (3.4)
where Π± denotes the projectors onto k
± respectively. There is an analogous
equation for the right-mnovers.
The conditions to be satisfied so that the N = 1 supersymmetry is enhanced
to an N = 2 supersymmetry can also be met when the gauging is not
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diagonal. In fact, when (3.2) is satisfied the action (2.41) has an N = 2
supersymmetry. Once more this means that there are N = 2 axially gauged
models as well as a large class of non-diagonal cosetN = 2 theories that come
on ‘squaring’ (2.41). As these models possess the full N = 2 supersymmetry,
they differ from the ‘heterotic coset models’ studied in [35] as generalizations
of Kazama-Suzuki models. In the following, we will concentrate on the
standard Kazama-Suzuki models.
The conditions (3.2) imply in particular that G/H is even dimensional so
that rkG−rkH = 2n is even. Regarding the decomposition kC = k+⊕k− as a
decomposition of the complexified tangent space of G/H at the origin, (3.2)
implies that G/H has an H-invariant complex structure, the (integrable) ±i
eigenspaces of the complex structure corresponding to k± respectively. This
means that we can regard k− as the complex conjugate of k+.
While there are plenty of Kazama-Suzuki models with rkH < rkG (e.g.
based on even-dimensional groups G with H trivial [36, 37]), it appears that
for most conformal field theory purposes one can restrict oneself to the case
rkG = rkH by the sequential G/H method of [1] (which permits one to
write
G/H ∼ G/(H × U(1)2n)× U(1)2n (3.5)
at the level of symmetry algebras, expressing the given G/H N = 2 coset
model as the product of a model with H of maximal rank and the well
understoodN = 2 theory based on U(1)2n) combined with Abelian S-duality
for the bosonic part of the action (see [37]).
If rkG = rkH, thenH contains the maximal torus T of G and the conditions
(3.2) are equivalent to the requirement that G/H be a Ka¨hler manifold.
By a theorem of Borel, H is then the centralizer of some (not necessarily
maximal) torus of G. In that case, hC ⊕ k+ is a parabolic subalgebra of gC,
and in terms of the Cartan decomposition
gC = tC ⊕α gα ⊕α g−α , ±α ∈ ∆±(G) , (3.6)
the subalgebras k± can be realized as the sum of the root spaces associated
with the roots
∆±(G/H) = ∆±(G) \∆±(H) (3.7)
of G which are not roots of H,
k± = ⊕αg±α , ±α ∈ ∆±(G/H) . (3.8)
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If k is a symmetric subalgebra of g, i.e. such that
[k, k] ⊂ h , (3.9)
which implies that the algbras k± are Abelian,
[k±, k±] = 0 , (3.10)
then G/H is automatically Ka¨hler and is what is known as a hermitian
symmetric space. These spaces are completely classified and examples are
the complex Grassmannians SU(m + n)/SU(m) × SU(n) × U(1) and the
‘twistor spaces’ SO(2n)/SU(n)× U(1).
It is Kazama-Suzuki models based on hermitian symmetric spaces which are
in a sense the easiest to understand and which have received the most atten-
tion in the literature (see e.g. [1, 4, 7, 8, 9, 10]). They are also phenomeno-
logically the most appealing models as they have no extra U(1)-symmetries
beyond that dictated by the N = 2 superconformal algebra [1] and thus lead
to the minimal E6 × E8 gauge group via the Gepner construction.
Let us briefly return to the general case to introduce some more notation
that we will require later on. We denote by cG and cH the dual Coxeter
numbers of G and H, cH being understood as a vector (ci) when H has
several simple factors Hi, and by ρG and ρH the Weyl vectors of G and H,
ρG,H =
1
2
∑
α∈∆+(G,H)
α . (3.11)
Their difference ρG/H = ρG − ρH has the property that it is orthogonal to
all the simple factors of H,
Tr ρG/Hα = 0 ∀ α ∈ ∆+(H) (3.12)
and lies in the direction generated by the U(1)-current of the N = 2 su-
perconformal algebra. In the hermitian symmetric models it is also the
generator of the single U(1)-factor of H.
Upon bosonization the N = 2 Kazama-Suzuki level k coset model can be
described as the (bosonic) coset
[(G× SO(dimG/H)1)/H]k , (3.13)
with SO(dimG/H) at level 1 representing the bosonized fermions, and the
embedding of H into SO(dimG/H) being given by the isotropy represen-
tation of H on the tangent space of G/H. Here the level of H is given by
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k+ cG− cH (for simply laced G). For more information on the Lie algebraic
aspects of these models we refer to [11].
As the N = 2 theories are in particular N = 1 models one can adopt the
wavefunctions of the previous section to establish holomorphic factorization
in these theories as well. One can consider more ‘refined’ wavefunctions as
well, which have explicit dependence on the fermion fields. However, these
are not needed for our present purposes.
3.2 The Topological Twist of the Kazama-Suzuki Model
It is well known that an N = 2 superconformal field theory can be twisted
to a topological conformal field theory, i.e. a theory with a BRST-exact and
traceless energy momentum tensor with traceless superpartner [38, 39, 40].
In fact, consider the standard N = 2 superconformal algebra
G±(z)G∓(w) =
2
3c
(z − w)3 ±
2J(w)
(z − w)2 +
2T (w)± ∂wJ(w)
(z − w) + . . .
J(z)G±(w) = ± G
±(w)
(z − w) + . . .
J(z)J(w) =
1
3c
(z − w)2 + . . .
T (z)J(w) =
J(w)
(z − w)2 +
∂wJ(w)
(z − w) + . . .
T (z)G±(w) =
3
2G
±(w)
(z − w)2 +
∂wG
±(w)
(z − w) + . . .
T (z)T (w) =
1
2c
(z − w)4 +
2T (w)
(z − w)2 +
∂wT (w)
(z − w) + . . . . (3.14)
It follows that the twisted energy momentum tensor
Ttop(z) = T (z)± 12∂zJ(z) (3.15)
satisfies a Virasoro algebra with central charge ctop = 0, that (for the +-
sign in (3.15)) the conformal weights of G+ and G− have shifted from their
original value 32 to 1 and 2 respectively, and that
Ttop(z) = {Q,G−(z)} , (3.16)
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where
Q =
∮
G+(z)dz , Q2 = 0 . (3.17)
The physical states of this twisted theory, defined as the cohomology of Q,
can be represented by the chiral primary fields [4] of the original N = 2
superconformal field theory.
In fact, as indicated there are two possible twistings, the second correspond-
ing to changing the sign of J , and upon putting together left and right
movers, one can obtain two inequivalent topological field theories, known as
the A and B models respectively [41]. In the case of N = 2 superconformal
(i.e. Calabi-Yau) sigma models, the N = 2 U(1)-current J is the R-current
of the theory and the twists (3.15) can be mimicked at the level of the action
by adding a term of the form
1
2
(ωzJz¯ ± ωz¯Jz) (3.18)
to the Lagrangian, where ω is the spin-connection. The whole effect of this
term is to change the spins of the fermions form 1/2 to 0 or 1. In particular,
the A-model then coincides with the topological sigma model introduced in
[38].
In the case of Kazama-Suzuki models, the N = 2 U(1)-current is more
complicated. At the current algebra level, it is given by the sum of the
ρG/H -component of the H-current (itself having a bosonic and a fermionic
contribution) and the fermion number operator [1]. Hence, in this case it is
certainly not correct to try to implement (3.15) by adding the term (3.18) to
the Lagrangian (3.3). Nevertheless, by analogy with the topological sigma
model, there is an obvious guess as to what the action of the A-model
should be, namely the action (3.3) where one regards the fields α+ and α−
as Grassmann odd scalars, and β− and β+ as anti-commuting (1, 0) and
(0, 1) forms respectively. This is tantamount to shifting the gauge field by
half the spin connection.
It has been shown by Nakatsu and Sugawara [18] that this ‘twist’, which
amounts to adding to the action (3.3) a term of the form (3.18) with J
replaced by the R-current of the Kazama-Suzuki model, indeed reproduces
the A-twist (3.15) of the energy momentum tensor by the N = 2 U(1)-
current J at the conformal field theory level. We know of no short-cut that
would establish this directly and refer to the analysis [18] for the details of
the argument.
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We will, however, show in section 5 that the energy momentum tensor of
the theory defined by this twisted Lagrangian is BRST exact (modulo the
equations of motion of the gauge field). That it differs from the energy-
momentum tensor of the action (3.3) by the derivative of the R-current is
obvious by construction since all one has changed is the spin of the fermionic
fields.
The B-model, on the other hand, can be obtained by an analogous twisting
of a suitable axially gauged N = 2 model. In general, the B-model is of
interest, in particular in relation with issues like mirror symmetry [41, 20].
However, as the (a, c) ring of many of the Kazama-Suzuki models we will
consider in the following and in [21] is known to be trivial [4] (unless one
considers orbifold models), we will not pursue this here.
3.3 Basic Properties of the Topological Kazama-Suzuki Model
It follows from the above that the topological Kazama-Suzuki model can be
described by the action
STKS(g,A, α
+, α¯−, β−z , β¯
+
z¯ ) = SG/H(g,A) +
1
2π
∫
Σ
β−z Dz¯α
+ + β¯+z¯ Dzα¯
− .
(3.19)
Here α+ and α¯− are Grassmann odd scalars taking values in k+ and k−
respectively, β−z is a Grassmann odd k
−-valued (1, 0)-form and β¯+z¯ a Grass-
mann odd k+-valued (0, 1)-form and we have absorbed a factor of i into the
definition of α+ and α¯− in order to prevent a proliferation of i’s in sub-
sequent equations. Also, for notational ease we will from now on mostly
not indicate explicitly the form and Lie algebra labels and denote the fields
simply by (α, β, α, β).
The action is invariant under two BRST-like transformations Q and Q with
δ = Q + Q, the remnants of the original N = 2 supersymmetry and the
counterparts of the left- and right-moving BRST tranformations of the A-
twist of the corresponding conformal field theory. These transformations
are
Qg = gα
Qα = −α2
Qβ = Π−(g
−1Dzg − [α, β])
Q(rest) = 0
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Qg = αg
Qα = α2
Qβ = Π+(Dz¯gg
−1 + [α, β])
Q(rest) = 0 (3.20)
It follows from (3.20) that both Q and Q are nilpotent,
Q2 = Q
2
= 0 . (3.21)
On the other hand, δ is only nilpotent on-shell. From the above one finds
that δ2 = [Q,Q] acts as
[Q,Q]g = [Q,Q]α = [Q,Q]α = 0 ,
[Q,Q]β = Π−(g
−1Dzαg) , [Q,Q]β = Π+(gDz¯αg
−1) , (3.22)
so that δ2 = 0 modulo the β equations of motion.
One other interesting property of these transformations is, that they can
be decomposed further into the sum of a standard nilpotent BRST like
symmetry s acting only on the fermionic part of the action and a ‘topological’
symmetry QT , acting only on g and β. Both of these are separate invariances
of the action. E.g. one has Q = s+QT with
sα = −α2 , sβ = −Π−[α, β]
QT g = gα , QTβ = Π−(g
−1Dzg)
s(STKS) = QT (STKS) = s
2 = 0 . (3.23)
The topological symmetry QT only squares to zero equivariantly, as is fa-
miliar from cohomological field theories and s acts trivially if G and H are
such that G/H is hermitian symmetric. In that case, the terms quadratic
in the Grassmann odd fields are absent from the right-hand side of (3.20).
For later use we record here the A-variation of the action of the A-model,
δASTKS =
1
2pi
∫
Σ
(Jz − [α, β])δAz¯ + (Jz¯ − [α, β])δAz , (3.24)
where
Jz = g
−1Dzg , Jz¯ = −Dz¯gg−1 , (3.25)
are the G-currents and of course only their h-parts Πh(Jz) ≡ Jhz and Jhz¯
contribute in (3.24).
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3.4 Wave Functions and Holomorphic Factorization
The twisted wavefunction is defined by
ΨTKS(A,B) =
∫
Dg e−kST (A,B;β, α; g) , (3.26)
where
ST (A,B;β, α; g) = S(A,B; g) +
i
2π
∫
Σ
βdAα. (3.27)
The action ST is invariant under the two sets of transformations
QT g = αg
QTβ = Π+
(
(1 + i∗)
2
dBg.g
−1
)
(3.28)
and
s α = α2
sβ = Π+[α, β] (3.29)
(all other transformations are zero).
Arguments, familiar from previous sections, tell us that this wavefunction is
anti-holomorphic in the appropriate sense
∇(1,0)ΨTKS(A,B, g) = 0. (3.30)
What is not apparent, at first sight, is that ΨTKS is also holomorphic,
∇(0,1)ΨTKS(A,B; g) = 0. (3.31)
To establish this one notes that
∇(0,1).e−kST = −[ k
4π
Q
∫
Σ
δ ∗ β
(
dBg.g
−1 +
1
2
[α, β]
)
]e−kST . (3.32)
A similar calculation will be performed when we discuss the metric indepen-
dence and the coupling to topological gravity in more detail. There we will
be more explicit about the derivation.
By the BRST invariance of the theory the expectation value of Q exact terms
is zero. Hence the right hand side of (3.32) vanishes in the path integral and
we are thus led to the fact that the wavefunction is anti-holomorphic as
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well. As the proof of factorization goes through verbatim as well (leading, as
in the bosonic case, to the conclusion that the partition function is metric
independent) this is about the best that one could hope for in a topological
(conformal) field theory.
So far we have considered topological models coming from a diagonal coset.
However, one may establish the topological nature of a more general class of
theories. E.g. when both G/H and G/H ′ are Ka¨hler one can form a twisted
version of the, now N = 2 invariant, action (2.41), which we denote by SˆTKS.
The wavefunctions, Ψˆ, obtained on using SˆTKS as the action are indeed
both holomorphic and anti-holomorphic. One arrives at this conclusion by
the same reasoning we used to show that ΨTKS is holomorphic.
4 Localization and Abelianization
In [16], Witten has shown that the BRST symmetry of the topological
CP(1) Kazama-Suzuki model can be used to localize the theory to a bosonic
U(1)/U(1) model (i.e. a compact Abelian BF theory) with some quan-
tum corrections and selection rules arising from the chiral anomaly of the
fermionic sector. Here we will show that, in general, a G/H model can be
localized to a perturbed H/H model. Heuristically speaking, the BRST
symmetry permits one to linearize the G/H-part of the bosonic action, and
up to a chiral anomaly the resulting determinant cancels against that arising
form the integration over the non-zero-modes of the Grassmann odd fields
(taking values in (g/h)C).
By the results of [24], this theory in turn can be further localized (Abelian-
ized) to a TH/TH model (TH a maximal torus ofH), permitting one to reduce
the task of calculating correlation functions in the non-linear, non-Abelian
and supersymmetric topological Kazama-Suzuki model to a calculation of
correlators in an Abelian bosonic topological field theory. As we will show
in [21], this drastic simplification of the problem permits one to be quite
explicit about the structure of the ring of observables in these models and
makes calculations rather straightforward in some cases.
4.1 Localization: General Considerations
The idea behind the localization of the path integral is that, taking Q to be
a BRST operator, the Grassmann odd fields can be thought of as ghosts.
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Thinking about them in this way leads to a ‘cancellation’ between them
and would be physical modes. By the supersymmetry (3.20), one sees that
the pairing is between certain components of g and α and α. Essentially
one will be able to eliminate the ‘G/H’ parts of g. This is how it works in
principle. Unfortunately, in practice things are somewhat more complicated.
Rather than finding a straightforward cancellation one finds various possible
‘branches’ for the cancellation to take place. The reason for this plethora
of possibilities rests in the manner in which one projects onto the paired
modes.
There are various ways to establish localization in topological theories, e.g.
formulated as a BRST fixed point theorem as in [16]. Here we present an
alternative argument which has the virtue of making the localization quite
explicit. Namely, one can add to the action (3.19) a Q-exact term enforcing
the localization. Consider, for example,
Q(βg−1Dz¯g) = Π−(g
−1Dzg)Π+(g
−1Dz¯g)−Π−([α, β])Π+(g−1Dz¯g)
− βDz¯(Ag)α , (4.1)
and add this to the action with an arbitrary coefficient t,
STKS → STKS + t2piQ
∫
Σ
βzg
−1Dz¯g . (4.2)
The partition function and BRST invariant observables do not depend on t
(an easy way to see this is that differentiating with respect to t leads one to
evaluate the expectation value of a BRST exact correlation function, which
vanishes by virtue of the BRST invariance of the theory). One is free to take
various limits, t→ 0 giving the original action, while in the limit t→∞ the
semiclassical approximation becomes exact. The additional term preserves
the other symmetries of the theory.
We wish to take the t→∞ limit. In this limit the main contribution to the
path integral will come around configurations for which the additional term
(4.1) vanishes. The configurations of interest for us are
Π−g
−1Dzg = 0
Π+g
−1Dz¯g = 0. (4.3)
There are various branches of solutions to these equations. One, which we
shall call the main branch, corresponds to g ∈ H for which (4.3) is auto-
matically satisfied. This branch is algebraic, meaning that no differential
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equations are taken to be satisfied. This is the only branch with this prop-
erty. Write
g = e iφ = e i(φ
h + φ+ + φ−). (4.4)
The main branch corresponds to a cancellation between φ+ and α+ and
between φ− and α−. In performing the path integral, the configuration
g ∈ H will correspond to a ‘background’ field, while φ± are the quantum
fields.
There are, however, many other branches. With the help of the Duhamel
formula
δeX = eX
∫ 1
0
dse−sXδXesX , (4.5)
one has
Π−
(
Ad(e iφ)− 1
ad(φ)
)
Dzφ = 0
Π+
(
Ad(e iφ)− 1
ad(φ)
)
Dz¯φ = 0. (4.6)
For example, for the hermitian symmetric spaces, there is a branch with
φh = 0 and Dzφ
− = Dz¯φ
+ = 0. These equations can only be satisfied if
certain topological criteria are met. This branch will or will not appear
depending on the topology whereas the main branch is always present.
Even presuming that the bundle is such that these types of solutions are
allowed, as long as we do not consider observables that include α, this branch
cannot contribute, for if there are such φ then there will be α zero-modes.
4.2 Localization onto the Main Branch
When t→∞ the theory localizes onto solutions to Π−g−1Dzg = 0. In prin-
ciple, for all the branches to be taken into account we would have to perform
a background field expansion around each branch and in some way handle
the fact that the different branches intersect. See [16] for the corresponding
discussion in the case of CP(1) models, where there is only a rather small
number of possible branches, and where by explicit analysis it can be argued
that only the main branch contributes.
Here, we have no way of (or, at least, we have not succeeded in) eliminating
all the other possible branches in full generality. Rather, we will proceed with
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the tacit assumption that only the main branch, with g ∈ H, contributes to
the evaluation of the path integral and expectation values of the operators
that are of interest to us.
When dealing with the localized theory one gets more than just the classical
configurations, of course, as there are one loop contributions to be taken
into account as well. To implement this we consider the following scaling of
the bosonic fields φ± and the non-zero-modes of the fermionic fields,
(φ+, φ−) → (t−1/2φ+, t−1/2φ−)
(α,α) → (t−1/2α, t−1/2α)
(β, β) → (t−1/2β, t1/2β) . (4.7)
This scaling has unit Jacobian as the transformation of the bosonic fields is
precisely compensated by that of the Grassmann odd scalars.
On using the Duhamel formula one then finds that
Π−g
−1Dzg → iDz(Ah)φ˜− +O(t−1/2) ,
Π+g
−1Dz¯g → iDz¯(Ah)φ˜+ +O(t−1/2) , (4.8)
where h = exp iφh and the twisted fields φ˜± ∈ k± are defined by
φ˜± =
∫ 1
0
dse−isφhφ±e isφh = i

e−i adφh − 1
adφh

φ±. (4.9)
One question that arises is, what happens to the path integral measure in
passing from the group G valued field g to the group H valued field h and
the G/H coset fields φ˜±? On making use of the Duhamel formula, we find
that
Dg = jg(φ)Dφ (4.10)
where
jg(φ) = Detg
(
1− e− ad iφ
i adφ
)
. (4.11)
Now on passing to the φ˜± fields,
Dg = jg(φ)[jg/h(φ
h)]−1DφhDφ˜+Dφ˜− (4.12)
with
jg/h(φ
h) = Detg/h

e−i adφh − 1
ad φh

 . (4.13)
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Thus, the following things happen as t→∞:
• The bosonic action SG/H(g,A) reduces to the action SH/H(h,A) of
the bosonic topological H/H model.
• The second term of (4.1) vanishes.
• The term βDz¯α of the original action disappears. It is replaced by the
third term of (4.1), which reduces to βDz¯(A
h)α. The other fermionic
term remains unchanged.
• The first term in (4.1) only receives a contribution form the order t−1/2
terms (4.8) of Π−(g
−1Dzg) and Π+(g
−1Dz¯g). Thus the kinetic term
for φ˜± is
Dz(A
h)φ˜−Dz¯(A
h)φ˜+ .
• The path integral measure becomes Dg = jh(φh)DφhDφ˜+Dφ˜− =
DhDφ˜+Dφ˜− (the t dependence of the scaling has already been can-
celled against the scaling of the Grassmann odd scalars).
Putting everything together one finds that the t→∞ limit of (4.2) is
SH/H(h,A) +
1
2pi
∫
Σ
βDz¯(A
h)α+βDz(A)α+Dz(A
h)φ˜−Dz¯(A
h)φ˜+ , (4.14)
with the canonical measure for all the fields. Were it not for the fact that it
is the operator Dz(A) rather than Dz(A
h) which acts on α, the determinants
from the bosonic and fermionic terms would cancel modulo questions related
to β zero modes. This can be made a little bit more explicit by adding a
term ǫββ to the action and integrating out β and β. If there are no β
zero modes, then integrating over the α first implies β = β = 0, so that
everything is independent of ǫ. If there are β-zero modes, then these have
to be soaked up and this can be accomplished by adding an analogous term
(β)0(β)0 to the action (see section 6.4) and the argument still goes through.
Anyway, upon integrating out the β’s, one finds that the G/H-part of the
action reduces to
φ˜+Dz¯(A
h)Dz(A
h)φ˜− + αDz¯(A
h)Dz(A)α . (4.15)
Thus, finally, using the gauge invariance of the chiral anomaly and the H/H
action (SH/H(h,A) = SH/H(h,A
h)) to send Ah to A, one finds that the
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G/H-part of the topological Kazama-Suzuki model (the transverse part of
the partition function) reduces to the ratio of determinants
Ztrans = e
−W (A,h) = Detk[Dz¯(A)Dz(A
h−1)]
Detk[Dz¯(A)Dz(A)]
. (4.16)
The general structure of the effective action W (A,h), as determined by the
chiral anomalies, is as follows. Let us write the gauge group H as a product
of (semi-) simple factors Hi and an Abelian part U(1)
l. Then each of the
factors Hi gives rise to an Hi/Hi model at level cG − ci where ci is the
dual Coxeter number of Hi. Combining this with the level k Hi/Hi actions
which are the remnants of the bosonic G/H action after localization, one
thus obtains, for each factor Hi, an Hi/Hi action at level k + cG − ci. This
is in agreement with the current algebra (coset model) description of the
Kazama-Suzuki models as (cf. section 3) the coset
(Gk × SO1(dimG/H))/Hk+cG−cH . (4.17)
Likewise the gauge field coupling of the U(1)-factors is given by a level cG
(cU(1) = 0) U(1)/U(1) model (i.e. essentially a compact Abelian BF theory).
However, because in the twisted model we are dealing not with fermions but
with a (1, 0) system, there is an additional coupling to the scalar curvature
R of the spin-connection implicit in (3.19). This coupling takes the form
(h = exp iφh)
S
grav
TKS = − i2pi
∫
Σ
Tr ρG/Hφ
hR , (4.18)
where R is normalized such that
1
2pi
∫
Σ
R = χ(Σ) (4.19)
is the Euler number of Σ ((2 − 2g) for a genus g surface). As ρG/H is
orthogonal to ×iHi, it is indeed only the U(1)-factors of H which contribute
to this expression.
Altogether one finds that the effective action one obtains after localization
and integration over the coset valued fermionic and bosonic fields is
Seff,kTKS =
∑
i
(k + cG − ci)SHi/Hi + (k + cG)SU(1)l/U(1)l + SgravTKS . (4.20)
It should be borne in mind that, in order to arrive at this action, we have
integrated out only the non-zero-modes of the fermionic fields, so that the
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integration over the zero modes is still to be performed. This is best under-
stood within the context of specific examples, and we will describe this for
the hermitian symmetric models in [21].
Localization can also be performed at the level of wave functions and it is
readily checked that the result of localizing onto the main branch, at the
level of the wave functions, reproduces the effective action Seff,kTKS .
4.3 Abelianization
If the gauge group H is Abelian (e.g. when one is dealing with the flag man-
ifolds G/T , T a maximal torus of G), then the above localization establishes
directly that calculations of correlation functions can be reduced to calcu-
lations in an Abelian topological field theory, thus significantly simplifying
that task.
Something analogous can be achieved in the general non-Abelian case as
well. Indeed, in [24] it was shown that the Hi gauge symmetry of the Hi/Hi
model can be used to abelianize the theory, i.e. to reduce it to a Ti/Ti model
(plus quantum corrections) where Ti is the maximal torus of Hi. Combining
this with the SU(1)l/U(1)l action, one thus obtains a TH/TH model, where TH
is the maximal torus of H. In particular, therefore, if we are dealing with
the Ka¨hler models with rkG = rkH, then the Kazama-Suzuki model can
be reduced to an Abelian T/T model (with the above mentioned quantum
corrections and the gravitational coupling (4.18)).
These quantum corrections are of two kinds. The first one is a shift of the
level of the Hi/Hi action by ci so that
Seff,kTKS → (k + cG)STH/TH + S
grav
TKS . (4.21)
The second correction is a finite-dimensional determinant arising from the
ratio of the functional determinant from the Hi/Ti components of the gauge
field and the Jacobian (Faddeev-Popov determinant) from the change of
variables (choice of gauge) hi → ti ∈ Ti. It can be written as
exp
[
1
4pi
∫
Σ
R log det(1−Ad(ti))
]
, (4.22)
where the determinant is taken on the orthogonal complement of the Lie
algebra of Ti in the Lie algebra of Hi. While we refer to [24] for a detailed
derivation, let us make the following comments here.
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1. The determinant is what is known as the Weyl determinant ∆HiW (ti)
appearing in the finite-dimensional Weyl integral formula relating in-
tegrals of class functions on Hi to integrals over Ti.
2. As we are dealing with a topological theory, we can treat the fields ti
as position independent (in fact, explicit calculations show that only
the constant modes of ti contribute to the path integral).
3. Hence we can say that the localized and abelianized theory is defined
by the action (4.21) with the measure for t ∈ TH modified to
D[t]→ D[t](∆HW (t))χ(Σg)/2 . (4.23)
We have thus managed to reduce the original non-Abelian supersymmetric
topological Kazama-Suzuki model to a much more tractable bosonic Abelian
topological field theory, the entire information on the coset valued fields
being encoded in the shifted levels and the gravitational coupling, and the
Weyl determinant keeping track of the originally non-Abelian nature of the
theory.
In performing actual calculations in the model described above, there are
some further things that are good to keep in mind, for instance that use
of the infinite-dimensional version of the Weyl integral formula employed
above engenders [26] a sum over all isomorphism classes of Ti-bundles on
Σ [24]. This as well as questions related to chiral anomalies, fermionic zero
modes and the ensuing selection rules for correlation functions, which are
more or less immediate analogues of those considered by Witten [16] for the
CP(1) model, will be explained for the hermitian symmetric models in [21].
5 Coupling to Topological Gravity
In this section we will construct the coupling to topological gravity of the
topological Kazama-Suzuki models introduced above. As a preliminary first
step we prove by direct calculation that the partition function of the pure
matter theory is indeed metric independent and that the energy-momentum
tensor is BRST exact modulo the gauge field equations of motion (i.e. mod-
ulo the gauge currents). With this in hand one can, to some extent, ratio-
nalize the form of the theory coupled to topological gravity.
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5.1 Metric Independence of the Partition Function
The topological nature of the theory defined by the action (3.19) follows
(indirectly) from the fact that at the conformal field theory level this theory
is equivalent to the A-twist of the Kazama-Suzuki model. It can also be
inferred from the fact that the wave functions are both holomorphic and
anti-holomorphic. However, it is instructive to establish this metric inde-
pendence directly at the level of the Lagrangian realization we have chosen
(this derivation also provides some of the steps required in showing that the
wave functions are anti-holomorphic).
As usual, the energy-momentum tensor is defined as the variation of the
action with respect to the metric ρµν , i.e.
δρS =
∫ √
ρδρµνTµν . (5.1)
Applied to the action (3.19), one finds that (as expected) Tµν is traceless,
Tzz¯ = 0 and that the non-vanishing components are
2πTzz = −12 Tr JzJz +Trβ−z Dzα+
= −12 Tr Jhz Jhz − Tr J+z J−z +Tr β−z Dzα+ (5.2)
2πTz¯z¯ = −12 Tr Jhz¯ Jhz¯ − Tr J+z¯ J−z¯ +Tr β¯+z¯ Dz¯α¯− (5.3)
Here Jz and Jz¯ are the bosonic currents, Jz = g
−1Dzg, Jz¯ = −Dz¯gg−1, and
Jh and J± denote their components in h and k± respectively.
The bosonic part of the energy momentum tensor is just of the (covari-
antized) Sugawara form, while the fermionic part is the standard energy-
momentum tensor of a (1, 0)-system.
We will now establish that, modulo the Az¯-equation of motion, the left-
moving energy momentum tensor Tzz is Q-exact. Completely analogously,
one can establish that Tz¯z¯ is Q-exact, where we have used the decomposition
δ = Q + Q of the BRST symmetry into its left- and right-moving parts.
By standard arguments, this then establishes the metric independence of
the partition function and suitable correlation functions (e.g. correlation
functions of BRST invariant and metric and A-independent operators).
Let us recall the action of Q = QT + s on the fields,
Qg = gα
Qα+ = −12 [α+, α+]
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Qβ−z = J
−
z −Π−[α+, β−z ]
Q(rest) = Q2 = 0 . (5.4)
(here s gives rise to the terms quadratic in the fermions). and the Az¯
equation of motion expressing the vanishing of the H gauge current,
Jhz = Πh[α
+, β−z ] . (5.5)
One can use this equation to replace the term in (5.2) quadratic in the
bosonic part of the gauge current by a quartic fermionic term,
Jhz J
h
z → Πh[α+, β−z ]Πh[α+, β−z ] . (5.6)
This term, which vanishes identically for the hermitian symmetric models,
is in general s-exact,
s(Tr β−z [α
+, β−z ]) = TrΠh[α
+, β−z ]Πh[α
+, β−z ] . (5.7)
The fact that this part of the metric variation can be cancelled by an ex-
pression quadratic in the gauge currents we have encountered before in the
guise of the operator ∇(1,0) (cf. (2.34)).
Furthermore, one can replace J−z by QTβ
−
z . Proceeding in this way, one
finds that
2πTzz = −QTrβ−z (J+z − 12 [α+, β−z ]) . (5.8)
To establish this directly, one calculates (a trace will be understood in the
following)
Qβ−z Jz = J
−
z J
+
z − [α+, β−z ]−J+z + [α+, β−z ]Jz − β−z Dzα+
= J−z J
+
z − β−z Dzα+
+Πh[α
+, β−z ]Πh[α
+, β−z ] + Π+[α
+, β−z ]J
−
z (5.9)
(where one has used (5.5) in the second step), and
− 12Qβ−z [α+, β−z ] = −J−z Π+[α+, β−z ]− 12Πh[α+, β−z ]Πh[α+, β−z ] . (5.10)
Thus, upon putting the two together and using (5.6) one finds (5.8). The
same argument establishes (3.32) and hence the holomorphicity (3.31) of
the twisted wave function ΨTKS we studied in section 3.4. In fact, using
the holomorphic factorization of the partition function and ‘pulling apart’
the above argument, taking care to turn ordinary A-derivatives into covari-
ant derivatives once they start acting on wave functions, one recovers the
formulae (3.30,3.31).
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5.2 The Coupling to Topological Gravity
Witten considered the coupling of the twisted SU(2)/U(1) model to topo-
logical gravity in [16]. He found the coupled model by using the “Noether
procedure”. We will present the coupling of an arbitrary twisted Kazama-
Suzuki model to topological gravity. The informal proof, above, of the metric
independence of the partition function will allow us to gain extra insight to
the final form of the action even though we also have arrived at the action
by a step by step process.
The models that we present here represent a large new class of topological
matter theories coupled to topological gravity (and hence of topological
string theories).
The topological gravity multiplet is taken to be composed of the metric ρµν
and its superpartner χµν , which transform as
δρµν = χµν
δχµν = 0. (5.11)
Conventionally one needs to add a commuting vector Cµ, representing the
reparameterization invariance. However, as argued by Witten, at the clas-
sical level such ghosts are zero and that is all that matters.
To make the writing of the action as simple as possible, we take the metric
variation to be δ∗ which is to be understood as a variation of the complex
structure Jνµ. This means, for example, that for a one form ∗ω = ωνJνµdxµ,
the metric variation is
δ(∗ω) ≡ (δ∗)ω ≡ ωνδJνµdxµ. (5.12)
For a self dual one form, β, satisfying (1+ i∗)β = 0, there is a hidden metric
dependence so that one has
δβ = − i
2
(δ∗)β (5.13)
which is perpendicular to β, that is, (1− i∗)δβ = 0.
With our conventions the relationship between the variations (5.11) and δ∗
are
δJzz = −ρzzχzz
δJzz = ρ
zzχzz. (5.14)
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The action which includes the coupling to topological gravity is
STKS+TG = STKS +
1
4π
∫
Σ
βδ ∗ g−1dAg + 1
4π
∫
Σ
βδ ∗ dAg.g−1
+
i
8π
∫
Σ
δ ∗ βδ ∗ gβg−1 + i
8π
∫
Σ
[β, α]δ ∗ β − i
8π
∫
Σ
[β, α]δ ∗ β.(5.15)
Apart from the last two terms this action is the same as (or, rather, the obvi-
ous generalization of) that for the CP1 model. The reason for the additional
terms stems from the fact that for a generic coset model the anticommuta-
tor of the ghost fields in the ghost transformation rules (3.20) is not zero.
For the hermitian symmetric cosets the commutators vanish and the action
simplifies accordingly.
The transformation laws which leave the action invariant are
δg = ǫgα+ ǫαg
δα = −ǫα2
δα = ǫα2
δβ = ǫΠ−
(1− i∗)
2
(
g−1dAg − [α, β] − i
2
δ ∗ g−1βg
)
δβ = ǫΠ+
(1 + i∗)
2
(
dAg.g
−1 + [α, β] +
i
2
δ ∗ gβg−1
)
δA =
ǫ
4
Πh
(
(1− i∗)
2
iδ ∗ (dAg.g−1 + [α, β]) + (1 + i∗)
2
iδ ∗ (g−1dAg − [α, β])
−1
2
δ ∗ δ ∗ (gβg−1 − g−1βg)
)
(5.16)
These are somewhat unedifying, though one should notice that for the her-
mitian symmetric cosets these transformations coincide with those found for
the CP(1) model in [16].
In order to facilitate the checking of the invariance of the action it is best
to express STKS in the form
STKS = SG/H −
i
2π
∫
Σ
(1− i∗)
2
βdAα+
i
2π
∫
Σ
(1 + i∗)
2
βdAα. (5.17)
Let us compare the action and transformation rules with the considerations
of the previous section. The transformation rules for g, α and α are as
before and require no comment. The extra term in the βz variation is there,
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as we noted before, to ensure that it remains self dual with respect to the
deformed metric. The Az¯ equation of motion was required to eliminate the
Jhz J
h
z part of the stress tensor (5.2). The variation of the action gives, up to
fermionic terms, δAz¯J
h
z , so the appearance of J
h
z in the transformation rule
Az¯ is explained.
5.3 Preliminary Remarks on Selection Rules
At this level of generality it is difficult to make precise statements about
the correspondence between this field theoretic construct and more algebro-
geometric considerations. However, there are some simple observations that
one can make.
1. Witten’s correspondence between the field theory and algebraic geom-
etry for the SU(2)/U(1) model can be straightforwardly extended to
the hermitian symmetric G/H models.
2. The fact that the φ−A system is not a natural object in cohomological
theories gave rise to some complications in the analysis of [16]. This
system does not arise in the case of twisted N = 2 G-models, i.e. when
H = {e}.
3. The generalization of the superselection rule (3.39) of [16] is eas-
ily obtained. The right hand side is obtained on scaling the fields
(χzz, α) → eλ(χzz, α) and β → e−λβ. This transformation, plus a
similar one for the barred fields, is an invariance of the action. The
right hand side is a measure of how anomalous the transformation is.
4. The superselection rule (3.41) of [16] depends rather strongly on the
choice of G and of H. On the basis of the results of [21], it can however
readily be worked out for the complex Grassmannian models.
5. E.g. for the CP(n) models one has (see section 6.2) n bosonic operators
Oi. Denoting their p’th gravitational descendant by τp(Oi), the gen-
eralization of the combined selection rule [16, (3.42)] for a correlator
〈
s∏
a=1
τpa(Oi(xa)
ri,a)〉TKS+TG (5.18)
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in genus g turns out to be
s∑
a=1
pa +
n∑
i=1
i
s∑
a=1
ri,a
k + n+ 1
=
2k + 3(n+ 1)
k + n+ 1
n(g − 1) + ns . (5.19)
5.4 Wavefunctions (Again) and Holomorphic Factorization
We now prove that the topological models coupled to topological gravity can
also be expressed as the norm of a wavefunction. This might be surprising
at first, as the cross term ∫
Σ
δ ∗ βδ ∗ gβg−1 (5.20)
would appear to spoil a direct factorization. Nevertheless, using the freedom
afforded by the extra field B, one can show that the partition function is
the norm of a wavefunction.
Indeed let
Ψ(A,B; ∗, δ∗) =
∫
DgDαDβ e−kS(A,B; g;α, β; ∗, δ∗) (5.21)
where
S(A,B; g;α, β; ∗, δ∗) = S(A,B; g;α, β)− 1
4π
∫
Σ
(
dBg.g
−1 +
1
2
[β, α]
)
δ ∗ β.
(5.22)
The dual wave function is defined by
Ψ(A,B; ∗, δ∗) =
∫
DgDαDβ e−kS(B,A; g;α, β; ∗, δ∗) (5.23)
where
S(B,A; g;α, β; ∗, δ∗) = S(B,A; g;α, β) + 1
4π
∫
Σ
(
g−1dBg +
1
2
[β, α]
)
δ ∗ β.
(5.24)
One now checks that
Z TGTKS =
∫
DBDA|Ψ(A,B; ∗, δ∗)|2 . (5.25)
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6 Observables
In the previous sections we have discussed some of the important features of
the functional integral approach to the topological Kazama-Suzuki models.
These observations will be used in subsequent publications to evaluate di-
rectly and explicitly correlation functions in some of these models. To that
end, we will now describe the observables (physical operators).
6.1 Preliminary Remarks
Observables are local functionals of the fields (or perhaps integrals thereof)
which are invariant under the symmetries of the theory. In the present
context of topological G/H Kazama-Suzuki models this amounts toH-gauge
invariance and invariance under the BRST-like supersymmetry δ. In fact,
the δ-invariance of the action implies by standard arguments that δ-exact
operators decouple so that one is actually interested in δ-cohomology classes
of H-invariant operators.
To some extent, the structure of the observables in these models could be de-
duced from the literature on N = 2 superconformal field theories, e.g. [4, 11].
In these works, the chiral ring of Kazama-Suzuki models (which becomes the
ring of observables of the twisted model) has been described in terms of the
Lie algebra cohomology of affine algebras. One of the simplifying features
of the present action-based functional integral approach is the possibility
to characterize the observables directly in terms of the finite-dimensional
Lie group G and its Lie algebra, loop groups or their Lie algebras never
appearing explicitly.3
In the following, we will distinguish two classes of operators: purely bosonic
operators and those depending also on the Grassmann odd fields. The latter
are required for non-zero correlation functions whenever there are fermionic
zero modes. Operators soaking up β and β¯ zero modes can for instance be
constructed from the bosonic operators using an analogue of the standard
descent-procedure of topological field theories.
Operators involving α’s and α’s, on the other hand, have a rather different
flavour to them (among other things because their zero modes can be inter-
3This is analogous to the path integral derivation of the Verlinde formula, deeply rooted
in the representation theory of loop groups, from the G/G model [24] using only some
group theory of finite-dimensional groups.
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preted rather directly as tangents to the (left or right) coset space G/H).
We will only provide a brief description of these operators here and discuss
them in detail in [21].
Turning therefore to bosonic observables, we will look for BRST and gauge
invariant functionals of the group valued field g. We are deliberately ignoring
a possible dependence of these operators on the connection A as we have seen
before that one needs to use the A equations of motion (Schwinger-Dyson
equations) to establish the metric independence of correlation functions. We
are thus interested in conjugation invariant functionals O(g) of g invariant
under the supersymmetry
δg = gα+ αg . (6.1)
A rough argument suggests that in all the KS models with rkG = rkH = r
one will find r linearly independent bosonic operators, as there will be
dimG−dimH conditions imposed by δ-invariance and a dimG−(dimH−r)
dimensional space of H-invariants. Below, we will determine these function-
als for the hermitian-symmetric models based on complex Grassmannian
manifolds, and then we will discuss the other prototypical example of full
flag manifolds G/T for G a classical group. Other models of interest could
be dealt with along the same lines.
6.2 Bosonic Observables for Grassmannian Models
We will now look for observables in the Kazama-Suzuki model based on the
complex Grassmannian G(m,m + n) of complex m-planes in Cm+n. This
space can be described as the coset
G/H = U(m+ n)/U(m)× U(n) = SU(m+ n)/S(U(m)× U(n))
≈ SU(m+ n)/SU(m)× SU(n)× U(1) . (6.2)
More explicitly, one embeds H into G = SU(m+n) in block-diagonal form,
h = diag(h(m), h(n)) , (6.3)
where h(m) and h(n) are U(m) and U(n) matrices respectively, satisfying
deth(m) det h(n) = 1 . (6.4)
This amounts to the specification that the single U(1)-factor of H, which
plays a special role in the hermitian-symmetric Kazama-Suzuki models, is
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generated by the element diag(nIm,−mIn) (proportional to the Weyl vector
ρG/H of G/H).
Consequently, the Grassmann-odd scalars α and α have components
α = (αij) , α = (αji) , i = 1, . . . ,m , j = m+1, . . . ,m+n . (6.5)
It follows that (with the notation that indices ik, jk have the same range as
the indices i, j above)
δgi1i2 = 0 , (6.6)
i.e. that the upper left-hand U(m) block g(m) of g is δ-invariant,
δg(m) = 0 . (6.7)
The symmetry between m and n is reflected in the fact that there is also a
U(n) block of invariants. Namely. it follows from
δg−1 = −g−1δgg−1 = −(αg−1 + g−1α) , (6.8)
that
δ(g−1)j1j2 = 0 , (6.9)
which we will also write as
δ(g−1)(n) = 0 . (6.10)
It remains to impose gauge invariance. H gauge transformations act on
g(m) and (g−1)(n) by conjugation with h(m) and h(n) respectively. Hence,
a complete set of gauge and BRST invariant operators can be obtained as
traces of g(m) and (g−1)(n). One possibility is to consider the traces
Tr(g(m))l , l = 1, . . . .m (6.11)
(and likewise for (g−1)(n)). However, for the cohomological interpretation
of the operators it turns out to be more convenient to consider as the basic
set of operators the traces of g(m) and (g−1)(n) in the exterior powers of the
fundamental representations of U(m) and U(n) respectively. We thus define
Ol(g) := Tr∧l g
(m) , l = 1, . . . ,m , (6.12)
O¯l(g) := Tr∧l(g
−1)(n) , l = 1, . . . , n . (6.13)
Since det g = 1, there is one relation between these operators, namely
det g(m) ≡ Om = det(g−1)(n) ≡ O¯n . (6.14)
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Altogether, one therefore has rkSU(m+ n) = m+ n− 1 independent basic
gauge and BRST invariant operators generating the ring of observables of
the topological Kazama-Suzuki model, i.e. the chiral-chiral primary ring of
the G(m,m+n) Kazama-Suzuki model. The ring structure (which will also
depend in a subtle way on the level k) can be determined from the correlation
functions of these operators. This will be done in [21] where we will show
among other things that the chiral ring of the CP(m) = G(m,m+1) model
at level k is the classical cohomology ring of the Grassmannian G(m,m+k).
The functional form of the observables and the calculation of correlation
functions is greatly simplified by the result of section 4 that the topological
Kazama-Suzuki model can be localized and abelianized to a (perturbed) T/T
model. In particular, therefore, all we ever need to know are the operators
Ol and O¯l evaluated for diagonal matrices t = diag(t1, . . . , tn+m). In that
case, the operators reduce to the elementary symmetric functions of the tk,
Ol(t) =
∑
1≤i1<...<il≤m
ti1 . . . til , (6.15)
O¯l(t) =
∑
m+1≤j1<...<jl≤m+n
(tj1 . . . tjl)
−1 . (6.16)
In applications we will find it convenient to parametrize the torus valued
field t as
t = exp iΦ , (6.17)
where
Φ =
n+m−1∑
i=1
αiφi , (6.18)
the αi being simple roots of SU(n+m),
αi = Ei,i − Ei+1,i+1 , (Ei,j)kl = δikδjl . (6.19)
The correspondence with the above is then
t1 = e
iφ1
tk = e
i(φk − φk−1) , k = 2, . . . ,m+ n− 1
tm+n = e
−iφm+n−1 . (6.20)
Let us consider some examples. In the CP(1) model there is one and only
one scalar operator, namely
O1 = g11 . (6.21)
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In the localized theory this becomes
O1 = e
iφ1 . (6.22)
In the CP(2) model, there are two scalar operators, namely
O1 = g11 + g22 → e iφ1 + e i(φ2 − φ1)
O2 = g11g22 − g12g21 → e iφ2 . (6.23)
And quite generally one finds that in the G(m,m+ n) models the operator
Om = det g
(m) reduces to
Om = O¯n → e iφm . (6.24)
As a final example, we consider the simplest Grassmannian which is not a
projective space, namely G(2, 4). In that case one has three operators. In
the localized and abelianized theory they are
O1 = e
iφ1 + e i(φ2 − φ1)
O2 = e
iφ2
O¯1 = e
iφ3 + e i(φ2 − φ3) . (6.25)
6.3 Bosonic Observables for Classical Flag Manifolds G/T
We will now discuss the bosonic invariants for the Kazama-Suzuki models
based on the Ka¨hlerian flag manifolds G/T where G is a classical group and
T a maximal torus of G. The strategy is exactly as above, i.e. we are looking
for functionals of g which are invariant under the supersymmetry (6.1) and
the gauge transformation g → t−1gt, where α(α) now takes values in the
positive (negative) root spaces. In the following we shall sometimes loosely
use the term root to refer also to the Lie algebra element associated with
the root. A general reference for the (rudiments of) Lie algebra theory used
in the following is [42].
1. SU(n)/T
Recall that dimSU(n) = n2 − 1 and rkSU(n) = n − 1, T = U(1)n−1, so
that, on the basis of the rough argument sketched in section 6.1, we expect
to find a total of n− 1 bosonic invariants. We will see that this expectation
is indeed borne out.
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Let us dispose of gauge invariance first. The group valued field g is repre-
sented by an n× n matrix in SU(n). Consider now the k × k block matrix
g
(k)
ij = gij , (1 ≤ i ≤ k, 1 ≤ j ≤ k, 1 ≤ k ≤ n) . (6.26)
One can now easily show that det g
(k)
ij is gauge invariant as follows. For
SU(n), h is a diagonal n× n matrix
h = diag(z1, . . . , zn) (6.27)
with zi = e
iθi , such that z1 . . . zn = 1.
One sees that under g → h−1gh the matrix g(k) transforms as
g(k) → (h−1)(k)g(k)h(k) , (6.28)
where h(k) and (h−1)(k) are the upper left hand k × k blocks of h and h−1,
respectively. Also because of the diagonal nature of h it is easy to see that
(h−1)(k) = (h(k))−1 and hence that det g(k) is gauge invariant (as are other
class functions of g(k), of course, but these will not lead to BRST invariants).
Now let us check the first part of the supersymmetry transformation (6.1),
namely
δgij = gimαmj . (6.29)
For SU(n) the positive roots can be taken to be strictly upper triangular,
i.e. αmj = 0 for m ≥ j. A natural basis for the positive root spaces is
α[ij] = Ei,j , , 1 ≤ i < j ≤ n , (6.30)
with (Ei,j)kl = δikδjl, associated with the positive root α
i+. . . αj−1, where αi
are the simple roots, αi = Ei,i−Ei+1.i+1. (Similarly the matrices belonging
to the negative roots α¯ are strictly lower triangular matrices.) We note that
for the elements of the submatrix g(k) the supersymmetry transformation is
restricted to:
δg
(k)
ij = gimαmj , 1 ≤ i ≤ k, 1 ≤ j ≤ k . (6.31)
Since α is strictly upper triangular the only contributions to this sum will
come for m < j. Hence the elements of g that appear in the sum live only in
the submatrix g(k) itself. Therefore one may as well restrict ones attention
to the part of α living in the k × k block α(k),
δg
(k)
ij = g
(k)
imα
(k)
mj . (6.32)
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Then
δ det g(k) = det g(k)Tr
(
(g(k))−1δg(k)
)
(6.33)
= det g(k)Trα(k) = 0 (6.34)
since Trα(k) = 0, α(k) being strictly upper triangular. The same argument
applies to the other half of the supersymmetry transformation δg = α¯g where
now the transformation of the matrices g(k) is affected by multiplying on the
left by strictly lower triangular matrices of the same dimension. Therefore
all the det g(k), k = 1, . . . , n, are gauge invariant and supersymmetric. This
gives rise to n − 1 observables as one observable, det g(n) = det g = 1, is
trivial. Therefore the number of scalar observables is equal to the rank of
SU(n).
Using the parametrization (6.17,6.18) of the torus fields, these observables
take on the simple form
det g(k) = e iφk (6.35)
in the localized T/T theory.
2. SP (n)/T
First some facts about SP (n). These are 2n × 2n matrices A satisfying
AT J A = J , where J is the matrix
J =
[
0 −I
I 0
]
, (6.36)
with I the identity matrix in GL(n,C). The Lie algebra of SP (n) consists
of complex 2n× 2n matrices
A =
[
U W
V −UT
]
(6.37)
where V T = V and W T =W .
The dimension of the group is n(2n+1) and the rank is n, so that the number
of roots is 2n2. The torus is represented by diagonal 2n× 2n matrices
h = diag(z1, . . . , zn, z¯1, . . . , z¯n) , (6.38)
with zi = e
iθi .
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Again let us consider gauge invariance first. Let us write g as the 2n × 2n
matrix
g =
[
M N
P Q
]
. (6.39)
where M,N,P and Q are n × n matrices. We see that under g → h−1gh,
the n× n matrix M transforms as
M
′
= diag(z¯1, . . . , z¯n)Mdiag(z1, . . . , zn) . (6.40)
Thus following the same argument as in the SU(n)/T case we see that e.g.
the determinant of every upper left hand k × k block of M , detM (k), k =
1, . . . , n, is gauge invariant.
For the supersymmetry we need to consider both the positive and negative
roots. We will only consider the positive roots explicitly as the argument
for the negative roots is then obvious. A basis for the n2 elements of k+ can
be chosen as follows:
1. n matrices A[i], 1 ≤ i ≤ n defined as
A[i] = Ei,n+i, 1 ≤ i ≤ n . (6.41)
Referring to (6.37) this means that U = V = 0 and W is a diagonal matrix
zero everywhere except for 1 at the i, i position.
2. n(n−1)2 matrices B
[ij] defined as
B[ij] = Ei,n+j + Ej,n+i, (1 ≤ i ≤ n, 1 ≤ j ≤, i < j) . (6.42)
Again referring to (6.37), this means that U = V = 0 and W is a symmetric
matrix with unit entries and zeroes along the diagonal.
3. n(n−1)2 matrices C
[ij] defined as
C [ij] = Eij − En+j,n+i, (1 ≤ i ≤ n, 1 ≤ j ≤, i < j) . (6.43)
In this case V = W = 0 and U is a strictly upper triangular matrix with
unit entries.
Now we check for invariance under the supersymmetry transformation δg =
gα with α having values in the matrices defined above. First of all we see
immediately that for α in the A[i] and B[ij] direction we have δM = 0. For
δg = gC [ij] we see that either the k×k block, M (k), is directly put to zero or
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it is multiplied by a k × k matrix with entries only in the upper right hand
corner and, therefore, by the same arguments that we used in the SU(n)
case we have again detM (k) = 0, k = 1, . . . , n. Similar arguments apply
to the other half of the supersymmetry involving the negative roots. Thus
again we come to the conclusion that the number of observables is equal to
the rank, in this case n.
In this case, when we localize to the T/T model, the torus valued field,
g = t, is parametrized as
t = diag(e iφ1 , . . . , e iφn , e−iφ1 , . . . , e−iφn) (6.44)
leading to the simple form of the observable
detM (k) = e i(φ1 + . . . + φk) . (6.45)
3. SO(2n)/T
We have to do this example in a slightly unusual way to make use of what
we have learned from the previous examples. We would like to find the
torus and the Cartan subalgebra as diagonal matrices. SO(2n) is defined as
2n × 2n matrices which satisfy
ATA = I (6.46)
where I is the unit matrix. The dimension of the group is n(2n−1) while the
rank is n and hence the number of roots are 2n(n−1). Let us now perform a
unitary transformation on A to yield an equivalent group of matrices obeying
a modified condition. Let us write
A = UBU † (6.47)
so that
ATA = U †TBTUTUBU † = I . (6.48)
Put K = UTU to arrive at BTKB = K. We will now work with this group
of matrices (it is easy to check that A → B is a group homomorphism).
Writing B ≃ I + B we see that the Lie algebra matrices B satisfy
BTK +KB = 0 . (6.49)
A convenient choice for the matrix U is
U =
1√
2
[
in −in
−In −In
]
, (6.50)
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where in is i× In with In the identity n× n matrix. This leads to
K =
1√
2
[
0 In
In 0
]
, (6.51)
Writing B in terms of n× n matrices,
B =
[
B1 B2
B3 B4
]
, (6.52)
the condition (6.49) gives
B1 = −BT4 , B2 = −BT2 , B3 = −BT3 . (6.53)
Here the torus is given by exactly the same matrices as in the case of SP (n),
i.e. eq. (6.38). A basis for the n(n − 1) matrices of k+ belonging to the
positive roots can be chosen as follows:
1. n(n−1)2 matrices B
[ij] defined as
B[ij] = Ei,n+j − Ej,n+i, (1 ≤ i ≤ n, 1 ≤ j ≤, i < j) , (6.54)
that is B1 = B3 = B4 = 0 with B2 an antisymmetric matrix with unit entries.
2. n(n−1)2 matrices C
[ij] defined as
C [ij] = Eij − En+j,n+i, (1 ≤ i ≤ n, 1 ≤ j ≤, i < j) . (6.55)
These are the same matrices as the C’s in SP (n).
Now the rest of the argument follows exactly as in the SP (n)/T case. There
are exactly n observables (the rank of SO(2n)) given by detB(k), (k =
1, . . . , n) where B(k) is the upper left k × k block of the group matrix B.
Upon localization, the torus valued field is parametrized in exactly the same
way, eq.(6.44), as for the SP (n) case and the form of the observables here
is the same as in that case, eq.(6.45).
4. SO(2n + 1)/T
The dimension of the group SO(2n + 1) is n(2n + 1) while the rank is the
same as for SO(2n), that is n. Hence the number of roots is 2n2. For the
odd dimensional orthogonal group we follow the same procedure (6.47-6.49)
as for the even dimensional case except that we set
U =
1√
2

 in −in 0−In −In 0
0 0
√
2

 , (6.56)
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so that
K =

 0n In 0In 0n 0
0 0 1

 . (6.57)
where as usual the subscript n denotes a n× n matrix. The corresponding
B matrix can be written as
B =

 B1 B2 c1B3 B4 c2
d1 d2 b1

 . (6.58)
For the 2n × 2n parts of the matrix, the conditions are the same (6.53) as
for the even dimensional algebra. The constraints on the new matrices are
b1 = 0, c1 = −dT2 , c2 = −dT1 . (6.59)
The matrix for the torus h is the same as for SO(2n) except for a 1 added
at the 2n+ 1, 2n + 1 diagonal position,
h = diag(z1, . . . , zn, z¯1, . . . , z¯n, 1) , (6.60)
For the basis of the n2 Lie algebra elements belonging to the positive roots
we first choose n(n − 1) of them the same, B[ij] and C [ij], as in the the
SO(2n) case except for a last column and row of zeros added. The extra n
matrices of the basis for the new positive roots are chosen as
D[i] = ei,2n+1 − e2n+1,n+i, 1 ≤ i ≤ n . (6.61)
This means that Bi = 0 and d1 = c2 = 0. This choice is important because
it ensures that δB(n) = 0 when α has values in the direction of these roots,
where as in the SO(2n) case B(n) is the upper left n × n block of B ∈
SO(2n+1). Therefore with this choice of basis it follows almost immediately
that, as in the SO(2n) case, we have again exactly n observables given by
detB(k), k = 1, . . . , n. Again, the localized observables have the same form
as for the SP (n) and SO(2n) cases.
6.4 Fermionic Operators: Preliminary Remarks
If there are fermionic zero modes, then in order to have non-vanishing cor-
relation functions they have to be soaked up (in a diffeomorphism invariant
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way) by operators containing these fermionic zero modes. Typically, in a
cohomological field theory such operators can be constructed from BRST
invariant bosonic operators by what is known as ‘descent equations’. For-
mally, they are a consequence of the BRST-exactness of the energy mo-
mentum tensor (see e.g. [43]). In the present case (where we are dealing
with a topological field theory which is not quite of the cohomological type)
there are a few subtle differences. And while this is only a minor issue and
we don’t want to overemphasize the differences, we will nevertheless digress
briefly to review the construction.
Before doing this, we want to point out that there is also an alternative
procedure for soaking up these zero modes which bypasses the complications
which arise when using the descent equations and which essentially amounts
to ‘dropping’ the zero modes in a well-defined way. First of all, we observe
that as the β-zero modes β0 do not appear in the action, one may define
their BRST transformations in any way one likes without spoiling the BRST
symmetry of the action. A natural choice is
δβ0 = δβ
0
= 0 . (6.62)
With this definition, gauge invariant combinations of the β and β¯ zero modes
like
Bl = Tr(β0β
0
)l (6.63)
are well-defined physical operators that can be used to eliminate the fermionic
zero modes from the picture without changing anything else. In particular,
if one adopts this procedure one finds that there is a straightforward cor-
respondence between correlation functions in different topological sectors.
This has been discussed in terms of spectral flow in [18].
Let us now review the descent equations. The first of these expresses the fact
that, given a BRST invariant scalar operator O(0), one can find a one-form
valued operator O(1) satisfying
dO(0) = δO(1) . (6.64)
The main consequence of (6.64) is that correlation functions of scalar ob-
servables are independent of the points at which they have been inserted -
the hallmark of a topological field theory. What is more important for us in
the present context is that (6.64) also implies that the integral of O(1) over
a closed cycle C is also a BRST invariant operator,
δ
∮
C
O(1) =
∮
C
dO(0) = 0 . (6.65)
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The fact that the BRST cohomology class of this new operator only depends
on the homology class [C] of this cycle is a consequence of the second de-
scent equation which says that one can find a two-form valued operator O(2)
satisfying
dO(1) = δO(2) . (6.66)
By the same argument as in (6.65), (6.66) implies that the integral of O(2)
over a closed two-cycle is a new BRST invariant operator. In two dimensions
the descent equations end here and one obtains the one additional operator∫
ΣO
(2).
In principle, therefore, one could now take any one of the bosonic operators
we constructed above and try to solve the equations (6.64) and (6.66) by
hand. In practice, however, this is rather cumbersome and it is helpful to
have a rather more conceptual understanding of why the descent equations
hold. Our starting point is the fundamental equation of a topological field
theory expressing the fact that the energy-momentum tensor is BRST-exact,
Tµν = δGµν . (6.67)
Integrating this over a space-like hypersurface, one obtains an equation for
the momentum Pµ which in operator language this can be expressed as
d = δG (6.68)
for some fermionic operator G. Applying this to e.g. a scalar operator O(0)
one recovers (6.64). The additional information one obtains is that the one-
form operator O(1) can be obtained from the scalar operator by acting with
the ‘vector supersymmetry’ G,
O(1) = GO(0) . (6.69)
Likewise one finds
O(2) = GO(1) , (6.70)
etc. In a topological conformal field theory, (6.68) can be written more
explicitly as
∂z = QGz , ∂¯z¯ = QG¯z¯ , (6.71)
where Q (Q) and Gz (G¯z¯) are the left (right) moving BRST charges and
supercurrents respectively.
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6.5 Fermionic Descendants for Grassmannian Models
Let us now apply these considerations to Kazama-Suzuki models and, more
specifically, to the observables of the Grassmannian models found above.
The first thing to note is that, as we have seen in section 5.1, in the cho-
sen Lagrangian realization of the topological Kazama-Suzuki model (as a
supersymmetric gauged WZW model) the energy-momentum tensor is only
BRST-exact modulo the gauge field equations of motion. This implies that
a) operators depending on the gauge field (like Wilson loops) will in general
not lead to topological correlation functions, and b) that we should expect to
be able to solve the descent equations only modulo the equations of motions
of the gauge fields.
Furthermore, the left- and right-moving BRST operators Q and Q only
commute up to the fermionic equations of motion. As a consequence we will
find that the descent-procedure described above, while still a useful guide-
line, works somewhat differently in the present context, in a sense reducing
to the above only ‘on shell’. This complicates the explicit determination
of the one- and two-form operators but is no fundamental obstacle to ar-
riving at fermionic descendants which have all the right properties inside
correlation functions.
With this in mind, let us no determine the relevant components of the
vector supersymmetry operator G. As we have seen, modulo the gauge field
equations of motion, the zz-component of the energy-momentum tensor is
Q-exact,
Tzz = −QTrβ−z J+z . (6.72)
Choosing z¯ as the time-coordinate in the left-moving sector, the kinetic term
of the action proportional to Dzg
−1Dz¯g implies that, as an operator, Dzg
−1
should be represented as
Dz(g
−1)kl → δ
δglk
. (6.73)
Therefore, the counterpart of the operator Gz in (6.71) is
Gz =
∫
dz (gβz)li
δ
δgli
≡ Tr gβ δ
δg
. (6.74)
Likewise for G¯z¯ one finds
G¯z¯ =
∫
dz¯ Tr(βg)
δ
δg
. (6.75)
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From these equations one can read off directly the candidates for the one-
form descendants of the observables Ol of the Grassmannian Kazama-Suzuki
model,
O
(1)
l = (Gzdz + G¯z¯dz¯)Ol . (6.76)
It can be verified that these indeed satisfy (6.64) and (6.65) if one uses the
A-equations of motion.
For a number of reasons, however, these one-form operators appear not to
be of particular interest. For one, as there are always an equal number of
β and β zero modes, the two-form operators ∼ ββ are sufficient to soak
these up. Moreover, the chiral ring is determined by genus zero correlation
functions and in genus zero there are no non-trivial one-form operators.
Finally, it seems to be a general feature of these models that the one-form
operators are trivial inside correlation functions as one is localizing onto
BRST-invariant configurations. In any case we will not consider further
these one-form operators here. The two-form operator, on the other hand,
is of interest, and it can be obtained from the scalar operator by operating
on it with the commutator of G and G¯,
O
(2)
l ≡ Bl = 12 [G¯,G]−Ol(g)
=
[
(βg)i1k(gβ)li2
δ
δgi1k
δ
δgli2
+ (βgβ)i1i2
δ
δgi1i2
]
Ol(g) .(6.77)
This time, when verifying (6.66) one needs to use both the A equations of
motion and Dz¯βz = Dzβ¯z = 0 which means that one is essentially inserting
only the zero modes of β and β¯. In the path integral this is fine as long
as none of the operators one is considering depends on the Grassmann-
odd scalars α and α, because then integration over them will impose these
equations.
As it stands, (6.77) is valid quite generally and, in particular, also for the
observables of the G/T models we discussed in section 6.3 (with the under-
standing that β then has components βji with i < j etc.).
We will of course ultimately be interested in doing calculations in the local-
ized and abelianized theory directly (having kept only the zero modes of the
fermionic fields). As a preliminary step one has to make sure that the op-
erators we have constructed above are also good operators in the perturbed
t-dependent theory we employed to establish localization. The point is that
the fermionic operators we discussed above have all the requisite properties
of an observable only modulo equations of motion and that these equations
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of motion are t-dependent in the perturbed theory. This issue as well as
the calculation and (cohomological) interpretation of correlation functions
of these operators will be addressed elsewhere.
6.6 A Comment on α-Observables
In the hermitian symmetric models, observables depending on the Grass-
mann odd scalars α and α are easy to come by and permit one to consider
correlation functions in the topological sectors of the U(1) gauge field in
which there are zero modes of these fields. The reason why this is particu-
larly straightforward in the hermitian symmetric models is that here α and
α are already BRST invariant, δα = δα = 0. To obtain gauge and BRST in-
variant observables, it therefore suffices to take the invariants (traces) of the
matrices αα and αα. We will show in [21] that the genus zero ring structure
of these observables in the hermitian symmetric G/H level k models is the
classical cohomology ring of G/H - remarkably for all values of the level k.
7 Non-Trivial Bundles
In the preceding sections we have taken the point of view, even though the
subgroup F = HL × HR of GL × GR is not necessarily simply connected
and the bundles in question may be non-trivial, that results derived from
the the WZW action (2.6) are nevertheless correct. The idea is that given
some reasonable definition of the WZW theory in general that both localiza-
tion and abelianization will apply and that ultimately one will be left with
the already well defined torus models of section 4. This section is devoted
to presenting one possible generalized WZW coset model that fulfills our
expectations.
Actually almost all coset models will require such an improved theory since
the question of the non-triviality of the bundles involved has further com-
plications. The extra difficulties arise as the action of the group is the
Ad action so that the group that acts faithfully is not F but is rather
F ′ = (HL ×HR)/Z where Z = H ∩ Z(G). This means that even though F
may be simply connected the gauge group need not be. Now G bundles over
a Riemann surface are classified by π1(G). In particular this means that one
is often dealing with non-trivial F ′ bundles. For example consider a diagonal
gauging of SU(2)× SU(2) by SU(2), then as the gauging is diagonal one is
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not really dealing with a diagonal F = SU(2) × SU(2) bundle but rather a
diagonal F ′ = SO(3)×SO(3) bundle. In the following we will only consider
connected and simply connected G (more general groups can be dealt with,
following [28] but that would just serve to complicate matters unnecessarily
here).
The most immediate consequence of the appearance of non-trivial F ′ bun-
dles P is that we are no longer dealing with maps g : Σ → G but rather
with sections of a non-trivial bundle. At some point we will have to specify
patching data to fix our bundle. The fields on the various patches are then
related by “gauge transformations” on the overlaps. The metric part of the
action and the fermionic terms pose no quandary as they are manifestly
gauge invariant so that on the overlaps it makes no difference which rep-
resentative we take. We are left with the problem of making sense of the
gauged WZW term ΓΣ(A; g) and, though not gauge invariant, we would also
like a definition for the action of a wavefunction, ΓΣ(A,B; g), which keeps
some of the properties that are required in establishing the geometric nature
of the wavefunctions. Our task, then, is to give a definition of ΓΣ(A,B; g) in
the case of non-trivial HR,L bundles so that all the usual properties, such as
the Polyakov-Wiegmann identity, hold for the improved ΓΣ(A,B; g), which
is denoted by ΓΣ,P (A,B; g) (the P subscript stands for the bundle).
By considering Riemannn surfaces with boundary, Gawedzki [28] defines
a line bundle over the loop group (on the boundary ∂Σ = S1) with the
patching data being given by the exponential of the WZW action subject to
an equivalence relation. The same construction, with the addition of a gauge
field was used by Hori [29] to define the coset models for non-trivial bundles.
We adopt and extend these constructions in order to define the action for
wavefunctions. In passing we note that the observables that we have defined
in section 6 do not require refinement as they are gauge invariant and hence
well defined for all bundles.
In the following subsections we will, very briskly, run through the changes
that one meets.
7.1 ΓΣ,P (A,B; g)
That the definition of ΓΣ(A; g) is inadequate when non-trivial bundles are
involved can be demonstrated with the use of a simple example. We consider
the SU(2)/U(1) theory and let g = eiφ ∈ SU(2) lie in the torus. Such a
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configuration is, of course, very special, however, we have seen in the body
of the paper that such configurations are precisely those that we would like
to arrive at. For such a configuration
ΓΣ(A; g) = − 1
2π
∫
Σ
Adφ (7.1)
and the problem is manifest as the connection A (and hence the integrand)
is not globally defined on Σ. A gauge invariant, and hence globally defined,
functional is obtained on adding a total derivative
ΓΣ,P (A; g) =
∫
Σ
φdA
= ΓΣ(A; g) − 1
2π
∫
Σ
d(Aφ) (7.2)
To give a general definition of ΓΣ,P (A; g), and not just for special configu-
rations, requires a little more work even though some, more or less, natural
generalizations present themselves. Let us eliminate one such generalization
of ΓΣ(A, g). One can express ΓΣ(A, g) as
ΓΣ(A; g) =
1
12π
∫
M
(
(g−1dAg)
3 + FA(g
−1dAg + dAgg
−1)
)
(7.3)
which is manifestly gauge invariant. For trivial bundles this is fine, as we
can extend a trivial bundle on Σ to a trivial bundle on M . For non-trivial
bundles this is not the case and will not do as a definition of ΓΣ,P (A; g).
For example let Σ = S2 and M = D3 the unit three-disc. All bundles
over D3 are trivial (almost by definition), but by restricting ones attention
to the boundary of D3 there cannot suddenly appear a non-trivial bundle.
Consequently, one cannot make sense of the right-hand side of (7.3).
To get around the problem of extending non-trivial bundles into arbitrary
three manifolds one takes a different tack. Rather than dealing with sections
of nontrivial bundles one gives a prescription for producing maps from the
sections of the bundle in question. The WZW term for these maps is well
defined, being the usual one. The bulk of the work rests in establishing
that nothing depends on the choices made in producing the maps from the
section. We now turn to that construction.
Decompose the Riemann surface Σ along a (homotopically trivial) circle as
Σ = D0#Σ∞. In order to define a non-trivial F
′ bundle it is enough to
specify the overlap data with a decomposition of this type.
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On Σ we have g as a section of a non-trivial F ′ bundle P so that, with the
above decomposition,
g∞|∂Σ∞ = k−1L g0|∂D0kR. (7.4)
The patching data is given by the maps (kL, kR) : S
1 → (H ′L,H ′R) ≡
(HL,HR)/Z. The right hand side of (7.4) is well defined, when thought
of as a map into G, as the central element factors through. Operationally
this means that kL and kR need not be periodic in θ (the angular coordinate
on the bounding circle). Rather, one requires that
kL(θ + 2π) = zkL(θ) kR(θ + 2π) = zkR(θ) (7.5)
for some z ∈ Z.
The aim now is to extend g∞ to a map on Σ and g0 to a map on the sphere
CP
1. Let g˜0 be a smooth map on D0 to G such that
g˜0 ∨ g∞ : Σ = (D0#Σ∞)→ G (7.6)
is a smooth map. Likewise let g˜∞ be a smooth map on D∞ to G and chosen
so that
g0 ∨ g˜∞ : CP1 = (D0#D∞)→ G (7.7)
is a smooth map. We will also need that g˜∞ be a pointed map, that is at
the origin {0} of the disc g˜∞(0) = I (or better still one may take the field
g˜∞ = I on some small open neighbourhood of {0})4. Notice that on the
boundary circle the extensions satisfy
g˜0|∂D0 = k−1L g˜∞|∂D∞kR. (7.8)
The gauge fields also satisfy an overlap equation; on Σ∞ one denotes the
gauge fields by A∞ and B∞ while on the disc D0 one denotes them by A0
and B0. On the overlap
A0 = k
−1
L A∞kL + k
−1
L dkL
B0 = k
−1
R B∞kR + k
−1
R dkR. (7.9)
4One knows that it is always possible to find such maps. Given a map from the
boundary of the disc to G one can construct a map which is the identity at the origin of
the disc in the following way. The map at the boundary gives an S1 in G, as G is simply
connected one can always find a homotopy of that S1 to the identity element of G. Think
of this homotopy as being a disc with centre the identity element and boundary the S1.
Define a map from D∞ to G by the homotopy. This homotopy will do as an example of
g˜∞
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We do not extend the gauge fields. The gauged WZW action is perfectly
local in the gauge fields and so one does not need to improve that part of
the story in this construction.
Our definition of the gauge invariant Wess-Zumino-Witten term, generaliz-
ing ΓΣ(A,B; g) is
ΓΣ,P (A,B; g) = ΓΣ(A∞, B∞; g˜0 ∨ g∞) + ΓCP1(A0, B0; g0 ∨ g˜∞)
−ΓCP1(g˜0 ∨ gˆ∞) + iCTΣ(aL, bR; g˜∞). (7.10)
The map gˆ∞ is defined by
gˆ∞ = g˜
k˜∞
∞ = k˜
−1
L∞g˜∞k˜R∞ (7.11)
and the connections aHL and bHR are
aL = k˜L∞dk˜
−1
L∞ bR = k˜R∞dk˜
−1
R∞ (7.12)
where k˜L,R∞ is an extension of kL,R to the interior of the disc minus the
origin D∞ − {0}.
For non-trivialH bundles we are not be able to extend the k(L,R) to the whole
disc while remaining in H(L,R), for if we could we would have produced a
homotopy between the k and a constant map and hence be dealing with
a trivial bundle5. Without such an extension it appears that gˆ∞ remains
undefined, however, all is well as we have taken the extension g˜∞(0) = I, as
then at this point
gˆ∞ = k
−1
L kR (7.13)
is globally defined (the non-trivial nature of the bundle comes from either
explicit U(1) factors or from the modding through by Z). Finally
CΣ(A,B; g) = ΓΣ(A,B; g) − ΓΣ(g) (7.14)
is a local functional. g˜0 ∨ g∞ is a smooth map on Σ, g0 ∨ g˜∞ is a smooth
map on CP1 as is g˜0 ∨ gˆ∞. Thus every term in the generalized WZW func-
tional is well defined. When HL = HR and A = B, our generalized gauged
WZW term devolves to Hori’s [29] definition of a generalized gauged WZW
functional ΓΣ,P (A; g)
ΓΣ,P (A; g) = ΓΣ,P (A,A; g), (7.15)
5By allowing the k˜ fields to take values in G we can find extensions to the whole disc
since pi1(G) = pi2(G) = 0. The subsequent “trivialization” of the bundle means that the
gauge fields will take values in g even though one integrates only over a h’s worth.
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with bH = aH . Let us also note that gauge transformations (hL, hR) satisfy
hL 0 = k
−1
L hL∞k
−1
L , hL 0 = k
−1
R hR∞k
−1
R (7.16)
on the overlap. The Z identifications factor through, so that the patching
data for the gauge transformations is given completely by the (HL,HR)
bundle.
We now list, without proof, some of the most important properties of this
construction.
Properties:
1. ΓΣ,P (A,B; g) does not depend on the extension fields g˜0, g˜∞ and gˆ∞.
2. ΓΣ,P (A,B; g) does not depend on the extension maps k˜L or k˜R.
3. When the bundles are trivial ΓΣ,P reverts to ΓΣ.
4. ΓΣ,P (A,B; g) satisfies the generalized Polyakov-Wiegmann identity
ΓΣ,P (A
hL , B;h−1L g) = ΓΣ,P (A,B; g) + ΓΣ,P (h
−1
L ) +
i
4π
∫
Σ
AdhLh
−1
L
(7.17)
where
ΓΣ,P (h
−1
L ) = ΓΣ,P (0;h
−1
L ) (7.18)
with hL 0 = k
−1
L hL∞kL at the boundary. There is a similar equation
for B gauge transformations.
The first two assertions tell us that ΓΣ,P is well defined and does not de-
pend on any choices that we make. The third and fourth tell us that it is a
“natural” generalization of ΓΣ. The proofs of these statements are straight-
forward but rather tedious (they amount essentially to repeated use of the
Polyakov Wiegmann identities).
7.2 Action and Wavefunctions
The action that we take to generalize to non-trivial bundles is
SΣ,P (A,B; g) = − 1
8π
∫
Σ
g−1dAg ∗ g−1dAg − iΓΣ,P (A,B; g) (7.19)
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which, by virtue of property (4) above, satisfies the generalized Polyakov-
Wiegmann identities
SΣ,P (A
hL , B;h−1L g) = SΣ,P (A,B; g) + iΓΣ,P (hL)−
i
4π
∫
Σ
AdhL h
−1
L
SΣ,P (A,B
hR ; ghR) = SΣ,P (A,B; g) − iΓΣ,P (hR) + i
4π
∫
Σ
B dhRh
−1
R .(7.20)
The difference between the gauge transformed action and the action depends
neither on the metric nor on the section g. Furthermore on setting HL = HR
and taking A = B we obtain a gauge invariant action which is the action
that we adopt when dealing with non-trivial bundles and coincides with that
introduced by Hori [29].
Given the action (7.19) we may form
ΨP (A,B; g) = e
−kSΣ,P (A,B;g) (7.21)
and wavefunctions
ΨP (A,B) =
∫
Dge−kSΣ,P (A,B;g) =
∫
DgΨP (A,B; g) (7.22)
where the path integral is over the space of sections of the bundle {P},
that is, over (g0, g∞) satisfying (7.4). When P is trivial it is possible to
interpret the wavefunction as a holomorphic section of a product of line
bundles L⊗k1 ⊗ L⊗(−k)2 → A ⊗ B. However, in the present situation, it is
better to think of the space of gauge fields (A,B) as one space C with gauge
group (HL,HR)/Z. On C there is still a symplectic two-form given by (2.22)
and one is given a single line bundle L → C whose curvature agrees with the
symplectic two-form. One expects that ΨP (A,B) is a holomorphic section
of L⊗k. Under a gauge transformation one finds
ΨP (A
hL , BhR) = eikΦPΨP (A,B) (7.23)
where
ΦP = ΓΣ,P (hR)− ΓΣ,P (hL) + 1
4π
∫
Σ
(
AdhLh
−1
L −BdhRh−1R
)
(7.24)
The generalized Polyakov-Wiegmann identities now guarantee that we will
obtain Ward identities analogous to those that hold in the case of trivial
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bundles. If one takes infinitesimal gauge transformations, hL = I +uL+ . . .
and hR = I + uR + . . ., the variation of the action (7.19) is
δS(A,B; g) =
i
4π
∫
Σ
(uLdA− uRdB) . (7.25)
The variation (7.25) is exactly as we wrote it for ‘trivial’ bundles (2.15).
Notice that while ΓΣ(I + u+ . . .) = 0 + . . ., we have instead that ΓΣ,P (I +
uL + . . .) =
1
4pi
∫
Σ d(uLA) (so that in (7.25) the exterior derivative is indeed
in the correct spot).
ΨP satisfies (
DAµ
δ
δAµ
+
ik
4π
ǫµν∂µAν
)
ΨP (A,B) = 0(
DBµ
δ
δBµ
− ik
4π
ǫµν∂µBν
)
ΨP (A,B) = 0 (7.26)
with the variations and gauge fields appearing to be understood patch-wise.
Likewise the following equations hold
D
DAz¯
ΨP (A,B) = 0
D
DBz
ΨP (A,B) = 0 (7.27)
providing one also understands them patch-wise. Put together (7.26) and
(7.27) give the more covariant
(
DAµ
D
DAµ
+
ik
4π
ǫµνF (A)µν
)
ΨP (A,B) = 0(
DBµ
D
DBµ
− ik
4π
ǫµνF (B)µν
)
ΨP (A,B) = 0 (7.28)
7.3 Factorization
The wavefunctions have an important convolution property when the gauge
field B takes its values in g. Fix the Riemann surface Σ. Let g be a section
of a (HL×G)/Z bundle P1 with connection (A,B) and let h be a section of
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a (G×HR)/Z bundle P2 with connection (B,C) (for this to make sense we
require Z = HR ∩ Z(G) = HL ∩ Z(G)). Then one finds∫
DBΨP1(A,B; g)ΨP2(B,C;h) = ΨP3(A,C; gh). (7.29)
The integration over the gauge field B certainly makes sense as the product
of the wavefunctions is invariant under G gauge transformations. Notice
that the wavefunction on the right-hand side of this expression involves a
section gh of a (HL ×HR)/Z bundle P3 with connection (A,C).
Setting H = H ′ and A = C in (7.29) we reproduce the fact that a G/H
model can be expressed as a norm of wavefunctions. Consequently we are
halfway to establishing holomorphic factorization.
Even whenB does not live in all of g the integral of a product of wavefunction
makes sense (is gauge invariant) and leads to a respectable coset model. This
remains true when we couple to fermions.
7.4 Metric Variation
The metric dependence of the coset models rests in S0(A,B; g) where
S0(A,B; g) = − 1
8π
∫
Σ
g−1d(A,B)g ∗ g−1d(A,B)g. (7.30)
We have not tampered with this part of the action, so that the metric varia-
tion is as for the case of trivial bundles. Furthermore, as the wavefunctions
continue to satisfy (7.26) we find that a variation of the metric can be exactly
cancelled by a second variation of the B field, that means that
∇(1,0)ΨP (A,B; ρ) = 0. (7.31)
As discussed above ∫
Σ
δρz¯z¯ Tr
D
DBz¯
D
DBz¯
(7.32)
must be understood patch-wise. The condition (7.31) is taken to mean that
ΨP is an anti-holomorphic section of W for non-trivial P . Thus, from this
point of view, holomorphic factorization has been established.
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8 Applications to the Kazama-Suzuki Coset Models
The discussion of the previous section more or less covers the wavefunctions
for the supersymmetric and topological theories as well. One keeps the
fermionic part of the actions as given at the start of this paper as they make
sense as they stand. In this section we will establish that replacing the
bosonic part of the action SΣ(A,B; g) by SΣ,P (A,B; g) does not spoil the
supersymmetry. Consequently the supersymmetric wavefunctions are taken
care of.
In order to explicitly solve the topological Kazama-Suzuki models we had
need of two main ingredients, localization and abelianization. Here we will
show that for non-trivial bundles these techniques still apply. The reason
for this is that working locally, on patches, both techniques apply just as
they did for the trivial bundles, global information is regained by taking into
account the patching data (kL, kR) = (k, k).
8.1 Supersymmetry and Coupling to Topological Gravity
The supersymmetry transformations (2.43) still leave the action (with the
bosonic action being SP ) invariant providing we interpret them appropri-
ately. On varying the group element g we understand that we are varying g0
and g∞ on their respective patches. This makes sense as, on the right-hand
side, the fermions (Grassmann variables) have the same patching properties
on the overlap. Now varying g in (7.19) leaves us with a local gauge invariant
expression which is the same that obtained on varying SΣ(A,B; g). Hence
the supersymmetry of the various theories is guaranteed.
The same argument can be applied for the coupling to topological gravity.
The metric variation of the improved WZW action agrees (by construction)
with the variation of the usual WZW action. The crucial point is that
the gauge field variation of SΣ,P (A,A; g) also agrees with the gauge field
variation of SΣ(A; g). This is true as in (7.19) the gauge fields couple only
to (g0, g∞). Consequently in the action for the twisted Kazama Suzuki model
coupled to topological gravity one can replace SΣ(A, g) with SΣ,P (A; g) and
retain the supersymmetry.
66
8.2 Localization
To implement localization in the case of trivial bundles we decomposed the
group element g in the G/H Kazama-Suzuki models as
g = hei(φ
++φ−) (8.1)
and scaled the coset fields φ± → t−1/2φ±. To see that this strategy is
justified even for non-trivial bundles we work patch-wise. We let
g0 = h0e
i(φ+
0
+φ−
0
)
g∞ = h∞e
i(φ+∞+φ
−
∞) (8.2)
and on the overlap we have
h0e
i(φ+
0
+φ−
0
) = k−1h∞e
i(φ+∞+φ
−
∞)k (8.3)
In the large t limit after scaling we find that
h0
(
1 +
i√
t
(φ+0 + φ
−
0 ) + . . .
)
= k−1h∞
(
1 +
i√
t
(φ+∞ + φ
−
∞) + . . .
)
k (8.4)
which splits into two equations
h0 = k
−1h∞k (8.5)
and
(φ+0 + φ
−
0 ) = k
−1(φ+∞ + φ
−
∞)k (8.6)
that is,
φ+0 = k
−1φ+∞k, φ
−
0 = k
−1φ−∞k. (8.7)
The first equation (8.5) is the statement that h is a section of a non-trivial H ′
bundle. The second equation (8.7) matches the conditions that are placed
on the Grassmann variables. Putting the two together we learn that on lo-
calizing the ratio of determinants coming from the Grassmann variables and
those from φ± is, up to the standard anomaly, unity and we are ultimately
left with a H/H ′ model for a non-trivial H ′ bundle.
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8.3 Abelianization
We have now reduced the problem to calculating expectation values of cer-
tain operators in a H/H ′ model at some level. The H valued group fields
(sections) are again defined locally with overlap data specified. On each
patch we can, up to the usual obstruction, abelianize the group valued fields.
Let the H sections be denoted by h. On Σ∞ we have h∞ = l
−1
∞ t∞l∞, while
on D0, h0 = l
−1
0 t0l0, with (t0, t∞) ∈ T . Abelianizing patch-wise means that
on the overlap we have
t0(θ) = m
−1
0∞(θ)t∞(θ)m0∞(θ), m0∞(θ) = l∞kl
−1
0 . (8.8)
We can organize things so that m0∞ ∈ T and, consequently, that t0 = t∞
on the overlap. For globally defined bundles m0∞ would be periodic in θ,
however, as k is not periodic then neither is m0∞. This feeds its way into
the first Chern class associated with the torus bundle. Put another way, the
torus field strength now encodes the information associated with the original
non-triviality of the H ′ bundle as well as the non-triviality of the ‘liberated’
torus bundles.
To see this explicitly for an SU(n)/AdSU(n) bundle, let the patching data
be specified by
kp(θ) = e
ip/nθλn−1 , (8.9)
where λn−1 is the fundamental weight
1
n(In−1, 1 − n) (Im is the m × m
unit matrix), so that kp(θ + 2π) = e
2piip/nkp(θ) with p = 0, . . . , n − 1. On
abelianization the patching data for the U(1)n−1 gauge fields is specified by
the m0∞. The Chern classes are then read off as
c1 =
1
2πi
∮
m−10∞dm0∞
=
p
n
λn−1 +
n−1∑
i=1
niαi (8.10)
where the ni are integers and the αi are simple roots. One arrives at the
right-hand side in the following way. Since, l0 and l∞ are periodic we have
m0∞(θ + 2π) = e
2piip/nm0∞(θ) (8.11)
and consequently
m0∞(θ) = kp(θ)e
i
∑n−1
i=1
niαiθ. (8.12)
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The upshot is that the Chern class measures the non-triviality of the original
bundle (measured by p) and the non-triviality of the liberated torus bundles
(measured by the ni).
A detailed exposition of how to deduce the Chern classes for the bundles
that arise in the Grassmannian coset models is given in [21].
8.4 Selection Rules
Before gauging, the G WZW action has a large global symmetry group,
including GL × GR. Once the action is gauged, however, the global invari-
ance is considerably reduced. Indeed gauged WZW terms appear in the
bosonization of fermionic systems precisely because they capture the the
non-invariance of the fermionic theory under chiral transformations. Just as
in the fermionic theory, global chiral transformations in the gauged WZW
theories yield selection rules.
These selection rules, that govern the vanishing of correlation functions, are
easily derived at the level of the abelianized theory [16, 21]. They are man-
ifest at the abelian level and correspond to shifts of the torus group valued
fields. However, one may wonder how to arrive at them before abelianiza-
tion. To derive a selection rule we consider transformations on the fields
g → hg where h is constant and commutes with the gauge field A, g and
with k. The metric part of the action is invariant under this change of vari-
ables and we must, therefore, consider the effect on the WZW functional.
We know that
ΓΣ,P (A;hg) = ΓΣ,P (A; g) + ΓΣ,P (h) (8.13)
for such an h. One would think that as h is constant then it would be
possible to choose its extension into the bounding three manifold to be
constant so that ΓΣ,P (h) = 0. This expectation is naive, as in the definition
of ΓΣ,P (A;hg) we meet a field h˜g∞ = h˜∞g˜∞ which should satisfy h˜g = I
at the origin of the disc. Now we have set g˜∞ = I at the origin so that h
cannot be taken to be constant throughout. Consequently ΓΣ,P (h) need not
be zero.
We are allowed to consider any extension of the element h which is consistent
with the condition that h˜∞(0) = I and that it is constant on Σ∞ and D0
(taking the same value on the two domains). On D∞ (thought of as a unit
disc) we set h˜∞(r, θ) = h˜(r) and demand that for some r0 6= 0,
h˜(r) = 0, 0 ≤ r ≤ r0. (8.14)
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Furthermore, we demand that k˜∞(r, θ) = k˜(θ) and that the extensions h˜
and k˜ commute as matrices regardless of which points they are evaluated
at. With these simplifications plugging into the definition of ΓΣ,P (h) we
arrive at
SΣ,P (A;hg) = SΣ,P (A; g) +
Tr
2π
∮
S1
λk˜−1dk˜, (8.15)
where h = eiλ.
As a simple example, if we consider the “SU(2)/U(1)” model we note that∮
k−1dk = i
∫
Σ dA so that, in this case,
SΣ,P (A;hg) = SΣ,P (A; g) +
i
2π
∫
Σ
TrλdA (8.16)
which agrees with the standard chiral anomaly and the result used in [16].
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